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Generalized orbifold Euler characteristics of 
symmetric orbifolds and covering spaces 

HiROTAKA TAMANOI 

Abstract Let G be a finite group and let M be a G-nianifold. We intro- 
duce the concept of generalized orbifold invariants of M/G associated to 
an arbitrary group F, an arbitrary F-set, and an arbitrary covering space 
of a connected manifold E whose fundamental group is F. Our orbifold 
invariants have a natural and simple geometric origin in the context of 
locally constant G-equivariant maps from G-principal bundles over cover- 
ing spaces of E to the G -manifold M . We calculate generating functions 
of orbifold Euler characteristic of symmetric products of orbifolds asso- 
ciated to arbitrary surface groups (orientable or non-orientable, compact 
or non-compact), in both an exponential form and in an infinite prod- 
uct form. Geometrically, each factor of this infinite product corresponds 
to an isomorphism class of a connected covering space of a manifold S. 
The essential ingredient for the calculation is a structure theorem of the 
centralizer of homomorphisms into wreath products described in terms 
of automorphism groups of F-equivariant G-principal bundles over finite 
F-sets. As corollaries, we obtain many identities in combinatorial group 
theory. As a byproduct, we prove a simple formula which calculates the 
number of conjugacy classes of subgroups of given index in any group. Our 
investigation is motivated by orbifold conformal field theory. 
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1 Introduction and summary of results 

Let G be a finite group acting on a finite dimensional smooth closed manifold 

M . The action of G is not assumed to be free. The orbit space M/G is an 
example of an orbifold. In 1980s, string physicists suggested that in the context 
of orbifold conformal field theory the ordinary Euler characteristic x{^/G) of 
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the orbit space is not the right invariant, but the correct invariant is the orbifold 
Euler characteristic e^^k{M;G) defined by 

(1-1) e„,(M;G) = ^5]x(M<^''^), 

' ' 9h=hg 

where the summation runs over all pairs of commuting elements {g, h) in G [6] . 

We have started the investigation of generalized orbifold Euler characteristic 
in [17]. We continue our investigation: Our idea in this paper is to study 
orbifold singularities of M/G through the use of a connected manifold S as 
a "probe." More precisely, we examine an infinite dimensional mapping space 
Map(E,M/G) which can be thought of as a "thickening" of the orbit space 
M/G. We consider lifting maps S — > M/G to G-equivariant maps P — > M 
from a G-principal bundle P over S to M. The set of equivalence classes of 
these lifts is denoted by Ls(M; G) . We also consider a subspace of equivalence 
classes of locally constant G-equivariant maps P ^ M: 
(1-2) 

Ls(M;G) ''=^']jMapG(P,M)/AutG(P) D Ls(M;G)i.e. = ]J[mW/G(0)] . 

[P^E] MeHom(r,G)/G 

Here [P S] runs over the set of all isomorphism classes of G-principal 
bundles over E whose fundamental group is 7ri(E) = T. Recall that isomor- 
phism classes of G-bundles over E are classified by the G-conjugacy classes 
Hom(r, G)/G of homomorphisms. For any (j) -.T — > G, the subgroup G(^) C G 
is the centralizer of the image of (f) denoted by Im = {(f)) , and M^"^^ is the 
fixed point subset of M under {(j)) . We have AutG(-P) = C {(()). Since the 
space Ls(M;G) is the space of equivalence classes of lifts, there is a natural 
map Ls(M;G) — > Map(S, M/G) which is a homeomorphism when G-action 
on M is free. In this case, there is no need to go over the above construction, 
and thus we are primarily interested in non-free G-actions on M . Note that 
we have replaced the mapping space Map(S, M/G) on an orbifold M/G by 
the space Le(M; G) which is a union of orbifolds on mapping spaces. As such, 
the space Ls(M;G) is, in a sense, a mild desingularization of the mapping 
space Map(S, M/G). Intuitively, our manifold S is used to probe the nature 
of orbifold singularities of the orbit space M/G by examining the holonomy of 
all possible G-bundles on E "induced" by a map 7 : E ^ M/G. 

The space Ls(M;G) is motivated by and is a generalization of the notion 
of twisted sectors in orbifold conformal field theory, which corresponds to the 
case Tj = . Intuitively speaking, twisted sectors are vector spaces obtained by 
"quantizing" the mapping spaces Mapc {P, M) , where P runs over isomorphism 
classes of G-bundles over . Thus the study of global topology and geometry 
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of these equivariant mapping space will shed light on the nature of twisted 
sectors in orbifold conformal field theory. Mathematically, twisted sectors have 
been studied in the algebraic framework of vertex operator algebras and their 
modules. The study of geometry and topology of the space Lx;(Af ; G) when E 
is or Riemann surfaces may provide illuminating topological and geometric 
insight into the nature of the algebraic structure of twisted sectors. 

In this paper, we study the subspace of locally constant equivariant maps in- 
stead of directly studying the global topology of Ls(M; G) , and we define our 
generalized orbifold invariants as follows. Let (p(M; G) be any (multiplicative) 
invariant of (M; G) . For example, as (p{M:, G) we may use the following invari- 
ants coming from the usual Euler characteristic: 

(1-3) x°^'(M; G) ^ G pZ, x(M; G) x{M/G) e Z. 

The first Euler characteristic x°^^ is a special case of the equivariant Euler 
characteristic defined for general (not necessarily finite) group G [3, p. 249]. 
The T -extension ipr{M; G) of (p{M; G) is defined in terms of the subspace of 
locally constant equivariant maps given in (1-2), viewed equivariantly: 



(1-4) ^p(M;G)''=Vv.(mW;C(0)). 



def 

eHom(r, G)/G 



This is our generalization of physicists' orbifold Euler characteristic e„,k{M; G) . 
In our previous paper [17], we considered XriM;G) for the case T = Tj'^ and 
r = (Zp)*^ with d € N, where p is any prime and Z,p is the ring of p-adic 
integers. In the same paper, we described an application of the result for the 
case r = {ZpY to the Euler characteristic of Morava if -theory of classifying 
spaces of wreath products. The inductive method used for these calculations 
cannot be extended to a general group F. The purpose of this paper is to 
develop a theory and techniques which allow us to handle orbifold invariants 
ipr{M;G) for a more general family of groups F, including the fundamental 
groups of two dimensional surfaces which may be orientable or non-orientable, 
compact or non-compact. 

For more discussion on general properties of the F-extension of (p{M; G) , see 
section 2. For example, we will show that F -extensions of the two orbifold Euler 
characteristics in (1-3) are related by 

(1-5) Xr(M;G)=x??z(M;G)eZ, 

for any group F. Thus, x?x'z(-^;G) is always integer valued. When F = Z, 

the invariant x'^i^'^G) coincides with the orbifold Euler characteristic (1-1) 
considered by physicists [6], [7]. See the formula (2-4) in section 2. The above 
formula says that x"^^{^] G) is more basic than x{^\ G) . 
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We demonstrate that orbifold invariants (1-4) is well behaved by calculating 
the generating function of these invariants of symmetric products of global 
quotients. Recall that an n-fold symmetric product of an orbit space M/G is 
given by 

(1-6) 5P"(M/G) = {M/GY/er. = M7(G?6„), 

where Gl6n , which we also denote by G„ , is the wreath product of G and the 
symmetric group 6„ . For more details on wreath products, see section 3. 

Let S be a real 2 dimensional surface, orientable or non-oricntable, compact or 
non-compact. For example, let S be a genus g + 1 orientable closed surface. 
Its fundamental group Tg^i is generated by 2g + 2 elements with one relation: 

(1-7) Fg+i = (ai,a2, . . . ,ag+i,bi, b2,... , | [ai, 6i] • • • [ag+i,6g+i] = 1), 

where g > 0. Consideration of the twisted space (1-2) associated to the map- 
ping space Map (T,, SP^ (M/G)) from the surface S to symmetric products 
is motivated by string theory literature [5]. We calculate the orbifold Euler 
characteristic ^"^^(^"j^n) associated to the surface group Fg_(_i . It turns 
out that this orbifold Euler characteristic of an n-th symmetric product can be 
expressed by {x'^^{M;G)}h , where H runs over subgroups of F^+i of index 
at most n. In fact, we have the following formula of the generating function 
[Theorem 5-8]. 

Theorem A (Higher genus orbifold Euler characteristics of symmetric orb- 
ifolds) Let g >0. With the above notations, 

(1-8) ^q-^o/^l^iM-;Gl6r,) = e^p[Y,q^{^-^^^ 

n>0 r>l 

where _7V(Fg+i) is the number of index r subgroups of Fg+i . 

In this formula the genus rg + 1 surface group F^g+i appears since any index 
r subgroup of Fg_|_i is isomorphic to it, although they may not be conjugate to 
each other in Fg+i. To calculate numbers jr{Pg+i) for r > 1 and 5 > 0, see 
the formula (5-10). 

Furthermore, we can also consider non-orientable cases. Let S be a closed 
genus h + 2 non-orientable surface with h >0. Its fundamental group is 

described by 

(1-9) Ah+2 = {ci,C2,...,Ch+2\clcl---cl^2 = ^)^ h > 0. 

Since any genus 1 non-orientable closed surface is homeomorphic to MP^ and 
Ai = Z/2Z is abelian, this case was discussed in our previous paper [17]. Here, 
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we only consider non-orientable surfaces of genus 2 or higher. We have a formula 
of the generating function of the orbifold invariant xT^^^^i-^""' Gl&n) for non- 
orientable surface groups similar to the one in Theorem A. See Theorem 5-10 
for details. 

This formula simplifies for the case of a genus 2 non-orientable surface which is 
a Klein bottle, due to a fact that every finite covering of a Klein bottle is either 
a torus or a Klein bottle. Here we give a formula for Klein bottle orbifold Euler 
characteristic [Theorem 5-11]. 

Theorem B (Klein bottle orbifold Euler characteristic) With the above no- 
tation, 
(1-10) 

J: ,"x;f(M"; GiS„) = [Hd - ei] [n (i±|:)l 

n>0 r>l r>l 



Notice the appearance of modular forms, and modular functions. Let 77(g) = 
g24 nr>i(l~'^''^) ' where q = e^'^*'^ with Imr > 0, be the Dedekind eta function. 
Then, the first infinite product in (1-10) is almost rj{q^) and the second infinite 
product is precisely r]{q^) / ri{qY . 

By specializing M = pt, we obtain a formula for |Hom(A2, G?S„)| for all n. 
See (5-19). 

Recall that the geometry behind the above Klein bottle orbifold Euler charac- 
teristic is the mapping space Map(ii', SP"'(M/G)) from a Klein bottle K to 
n-fold symmetric product of an orbifold M/G for various n. The idea of using 
nonorientable surfaces comes from unoriented strings moving on manifolds. 

There is a curious relationship between orbifold Euler characteristics associated 
to orientable surface groups and non-orientable surface groups. For example, 
when G is a trivial group, we have x"'i^i (-^^"; ©n) = XaJ +2(-^"' 
n > 1 and 5 > 0. For this, see the end of section 5. 

Note that the formula in Theorem A is in an exponential form. If we use 
x(M; G) = x(M/G) instead of x°^^{^\ G) , then the corresponding generating 
function can be written in an infinite product form. To describe this formula, we 
need to introduce an extension of (p{M; G) to an orbifold invariant (p^x] {M; G) 
associated to an isomorphism class \X] of a finite T -set X. When X is a 
transitive T set of the form T/H for some subgroup C F , we let 

(1-11) ¥'[r/.](M;G) J]v.(M<'');Autr-G(J'p)), 

[p]eHom(H,G)/(JVr(//)xG) 
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where N^iH) C F is the normahzer of in F acting on H by conjugation, 
and Autr-G(^p) is the group of F-equivariant G-bundle automorphisms of a G- 
bundle Pp = TXpG. The group G of course acts on Hom(i7, G) by conjugation. 
For an explanation and the origin of this definition, sec Proposition 6-1 and its 
proof. The above formula reduces to (1-4) when H = T. For an explicit 
nontrivial example of (/?[r/if] (M; G) , see Lemma 6-2. 

The invariant (p^x] can be defined for a general F-set X (see (6-13) for the 
definition) in such a way that it is multiplicative in [X] in the following sense. 
Let Xi and X2 be F-sets without common transitive F-scts in their F-orbit 
decompositions, that is, Mapp(Xi,X2) = 0. Then, the orbifold invariant of 
their disjoint union [X] = [Xi 11 X2] is a product: 

(1-12) <PmiM;G) = VP[x,](M;G) • ip,xjM-G). 

For details, see Proposition 6-9. 

This invariant cpix] (M; G) has a very natural geometric origin in terms of a 
twisted space similar to (1-2) using G-bundles over a covering space E' = 
E X r over E , where E is the universal cover of E . See Theorem G below. 
In fact, we could start with this approach and deduce the formula (1-11). 

The next theorem describes the generating function of the orbifold Euler char- 
acteristic of symmetric orbifolds associated to the genus g + 1 orientable surface 
group Fg+i , in terms of the orbifold Euler characteristic of (M; G) associated 
to finite transitive F^+i-sets. 

Theorem A' (Higher genus orbifold Euler characteristic: infinite product 
form) For any g >0, we have 

(1-13) Yl «"xr,.. (^"; G?6 J = n (1 - , 

n>0 [H] 

where [H] runs overthe set of conjugacy classes of H in Fg+i . 

This is part of Theorem 6-6. As remarked above, the invariant Xir^+^/H] {M; G) 
with \Tg^i/H\ = r arises from a twisted space (1-21) defined in terms of G- 
principal bundles over an r-fold covering space E^g+i over E^+i corresponding 
to the conjugacy class [H] . 

To contrast the formulae in Theorem A and Theorem A' , we let M = pt . We 

get the following combinatorial group theoretic formulae: 

(1-14) 

V- „n |Hom(Fg+i,Gn)| [v- q'' . jHom(F^g+i,G)| 

— \Gf^\ — " P 2^v^r{rg+^) — 



n>0 



■r>l 



r \G\ 



^ cz"|Hom(F,+i, = 11(1 - ^ir,+i/H|) -|Hom(if,G)/(iVr^^, WxG)| 

n>0 [H] 
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In the second formula, [H] runs over all conjugacy classes of finite index sub- 
groups of Tg^i . Note that the size of the nornializer A^p^^^ (^) rnay depend on 
the conjugacy class [H] , although all index r subgroups of Tg+i are isomorphic 
to Trg+i • See also remarks after Theorem 6-6. 

Here we remark that the following formulae for the number of (conjugacy classes 
of) homomorphisms are well known, and they can be easily proved using char- 
acters of G. For any finite group G, we have 

|Hom(rg+i,G)| _ ^ / \G\ 



^ \dimv) 



\G\ ^ VdimF 

[y]eIrred(Gy 

(1-15) 



|Hom(r,,„G)/G| ^ ^ ^^.^^^ 

{a\ [y]eIrred(C(o-)) 

where [F] G Irred(G) means that [F] runs over the set of all isomorphism classes 
of irreducible representations of G, and [a] runs over the set of all conjugacy 
classes of G . The subgroup C((t) C G is the centralizer of a . Similar formulae 
for non-orientable surface groups A/i_)_2 are well known, too. See (5-16) and 
(5-17). In view of (1-15), to understand the left hand side of (1-14), we need 
the representation theory of wreath product G„ = QS„ . For this topic, see for 
example [11, Appendix B to Chapter I]. However, to prove topological Theorems 
A and A' , we do not need the representation theory of wreath products. 

Two formulae in (1-14) are closely related, although their right hand sides look 
very different. See (6-11) and (6-12) for group theoretic discussion on this 
connection. 

Theorems A,B, and A' are all special cases of the following more general for- 
mulae which are the ones we actually prove [Theorem 5-5, Theorem 6-3]. These 
are part of our main results. 



Theorem C Witii the above notations, for any group T , we have 
J2 9"xr^M"; Gl6n) = exp [ J] ^^x?^^M; G) 

(1-16) 

y: q'-xAM-; Gi&^) = n(i - 

n>0 [H] 

Here, in the first formula, H runs over all subgroups of P of finite index. In the 
second formula, [H] runs over conjugacy classes of all finite index subgroups of 

r. 
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By specializing T, we obtain numerous corollaries. In addition to the cases 
r = Fg+i, A/i_|_2, we consider free groups on finitely many generators, abelian 
groups Z'^ and Zp for d > 1, and products of these groups. 

Special cases of the second formula in (1-16) have been known. When F is the 
trivial group, this is Macdonald's formula [10]. When F = Z and G = {e}, this 
formula is due to [7] . For F = Z and general finite group G , the formula is due 
to [18]. When F = Z"^ for d > 1 and G = {e}, the formula was proved in [4]. 
Finally, for F = Z'* and Z^ with an arbitrary finite group G , the formula was 
proved in [17]. 

When G is the trivial group, we have Xm (M; {e}) = x(M) for any transitive 
F-set X (see Lemma 6-10, and a formula after Corollary 6-4). When F is 
an abelian group Z'^ or Z^, Lemma 6-2 says that Xix]{M;G) = Xr{M;G) 
for any finite transitive F-set X. For general abelian group F, the second 
formula in (1-16) reduces to (6-5). Thus, in all the known cases described in 
the above paragraph, the notion of orbifold invariants associated to T-sets is 
not yet needed. Only in the generality of the present paper, this notion plays 
a crucial role. 

The main ingredient of the proof of Theorem C is a structure theorem of the 
centralizer G{0) C G„ of an arbitrary homomorphism 9 : T ^ Gn = Gl&n 
into a wreath product. When F = Z, the subgroup C{9) is nothing but the 
centralizer of the element ^(1) G Detailed description of the centralizer of 
an element in G„ was given in section 3 of [17]. The method used there was 
purely group theoretic. It is very complicated to extend this group theoretic 
approach to the present context of centralizers of homomorphisms into wreath 
products. We have a better approach in terms of geometry of F-equivariant 
G -principal bundles. These are G -principal bundles P over F-sets such that 
F acts on P as G-bundlc automorphisms. This link between algebra and 
geometry is supplied by the following theorem [Theorem 3-1]. For the next 
three theorems, G does not have to be a finite group. 



Theorem D Let G and F be any group. Then the following bijective corre- 
spondence exists: 
(1-17) 

(isomorphism classes of T -equivariant G-principal\ HomfF G )/G 
[bundles over a F-set of order n J onto ' " " 



This theorem allows us to apply geometric concepts and techniques associ- 
ated to principal bundles to the study of centralizers of homomorphisms 6 into 
wreath products. Note that this theorem is a generalization of a well-known 
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bijective correspondence between the set Hom(r, ©„)/S„ of conjugacy classes 
of homomorphisms into the n-th symmetric group ©„ and the set of isomor- 
phism classes of F-sets of order n. As an example of the above correspondence, 
let H CZ T he any subgroup of index n. For any homomorphism p : H — > G, 
let Pp = T Xp G — > T/H be a F-equivariant G-principal bundle over a F-set 
T/H of order n. By choosing a bijection T/H = {1,2, ... ,n} and a section of 
Pp — > r/H, we have an isomorphism AutG(i^p) = Gl&n [Lemma 3-3]. Thus, 
the wreath product appears naturally in the geometric context of G-bundles. 
This is the reason of our use of G -bundles in studying wreath products. Now 
the ready-made action of F on Pp as G-bundle maps gives rise to a homomor- 
phism ^ : F — Gl&n whose conjugacy class is independent of choices made. 
For more details on this and the construction of the converse correspondence, 
see the proof of Theorem 3-1. 

We call a F-equivariant G-principal bundle over a F-transitive set a T-irreduc- 
ihle G-principal bundle. The following theorem classifies F-irreducible G- 
principal bundles [Theorem 3-6] . 

Theorem E (Classification of F-G bundles) Let G and F be any groups. 
Then there exists the foUowing bijective correspondence: 



where [H] runs over the set of conjugacy classes of index n subgroups of F. 

Note that the expression appearing on the right hand side of the above cor- 
respondence has already appeared in (1-11). Prom the point of view of a F- 
irreducible G-principal bundle P — > Z , the meaning of quantities [H] , Nj^ {H) - 
action, and G-action on Hom(Lf, G) , appearing in the right hand side of (1-18), 
is as follows: the isomorphism class of the transitive F-set Z is determined 
by the conjugacy class [H] of an isotropy subgroup H , different choices of a 
base point zq of Z with the isotropy subgroup H correspond to the action of 
A^r (H) , and different choices of a base point po of P over zq correspond to the 
conjugation action of G on Hom(i7, G). 

For any homomorphism : F ^ G„, the corresponding F-equivariant G- 
bundle tto : Pq ^ Zq is a disjoint union of F-irreducible G -bundles each of 

which is of the form Pp — > T/H for some subgroup H and some homomorphism 
p : H — > G. Given 9, let r{H,p) denote the number of F-irreducible G- 
bundles isomorphic to [Pp T/H] appearing in the irreducible decomposition 




>l[liom{H,G)/{Nr{H) x G) 

\r/H\=n 



Algebraic & Qeometric Topology, Volume 3 (2003) 



800 



Hirotaka Tamanoi 



of Pe — > Zq. The number r{H,p) depends only on the conjugacy classes [H] 
and [p] . Now we can describe the centralizer of the image of 9 in the wreath 
product GlGn [Lemma 4-1, Theorem 4-2, Theorem 4-4, Theorem 4-5]. 

Theorem F (Structure of centralizer of homomorphisms into wreath prod- 
ucts) Let 6 : T — > Gn be a homomorphism, and let {r{H, p)}[f^j \^pj he the 
associated integers described above. Then, the centralizer of 9 in the wreath 
product Gl&n is a direct product of wreath products: 



where [H] runs over conjugacy classes of finite index subgroups, and [p] € 
Hom(i?, G) I {Nr (H) x G) for a given conjugacy class [H] . The group Autr-c (Pp) 
of T -equivariant G -bundle automorphisms of Pp fits into the following exact 
sequences: 



where N^{H) is the isotropy subgroup at the G -conjugacy class (p) of the 
Ny{H) -action on the set Hom(iI, G)/G, and Tp is given in (4-4). 

Here, the centralizer Gg„{9) is isomorphic to Autr_a{Pe) [Lemma 4-1]. 

This structure theorem can be applied to much wider context including, for 
example, the calculation of generalized orbifold elliptic genus of symmetric orb- 
ifolds. 

Next, we describe the geometric meaning of the orbifold invariant (1-11) as- 
sociated to F-sets. Recall that the orbifold invariant associated to the group 
r is defined in terms of locally constant G-equivariant maps (1-2) from G- 
principal bundles over S into M, where the fundamental group of S is T. 
We can generalize this idea and consider locally constant G-equivariant maps 
from G-principal bundles over covering spaces of S into M . More precisely, let 
TT : E' — > E be a not necessarily connected covering space. Let tti : Pi — > S' for 
i = 1,2 be G-bundles. A G -bundle isomorphism a : Pi ^ P2 over a covering 
space S' are defined to be a G-bundle map whose induced map on the base 
S' is a deck transformation of S' over S. Next, we introduce an equivalence 
relation among G-maps P — > M . Two G-cquivariant maps 71 : Pi — > M and 
72 : P2 — * are said to be equivalent if there exists a G-bundle isomorphism 
a : Pi — > P2 over the covering space S' such that 71 =7200. We then consider 



(1-19) 



CgA0) = l[ll{Autr.GiPp)ieriH,p)}, 



(1-20) 



1 ^ Gg(p) ^ Autr.G(Pp) ^ H\N^{H) ^ 1, 
l^H^Tp^ Autr.G(Pp) ^ 1, 
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the space of equivalence classes of G-equivariant maps from G-bundles P over 
E' into M . This turns out to be 

(1-21) Lj,y5,(M; G)=l[ [MapG(P, M)/AutG(P)s'/s] , 

[P->E'/S] 

where [P — > S/S] denotes an isomorphism classes of G-principal bundles over 
the covering space S' over S. We then take the subset Lj,yj,(M; G)\,c. of locally 
constant G-equivaxiant maps and define the orbifold invariant associated to a 
covering space S' — S by 

(1-22) (^,,,/,, (M; G)=J2 <^(MapG(P, M\,- AutdPh'/^) . 

The next result [Theorem 7-1] clarifies the geometric meaning of orbifold Euler 
characteristic associated to T-sets. See (6-13) for the precise definition. 

Theorem G Let tt : S' ^ S be a covering space, and let X = 7r~^(xo) be a 
fibre over a base point .tq G S. Let F = 7ri(S,xo). Then X is a T-set and for 
any G -manifold M , we have 

(1-23) ^,,,,,,(M;G)=<^,,,(M;G). 

Consequently, T -orbifold Eulcr characteristic of symmetric products of G- 
manifold M can be expressed in terms of orbifold Euler characteristic associated 
to connected covering spaces: 

(1-24) J^(?"xr(M";Gi6„) =]J(1 - gl^'/^l)->^[^'/^l(^'^), 

^ — ^ [E' ^Ejconn. 

wiiere the product range over all isomorphism classes of finite connected cover- 
ing spaces E' — S over E, and |E/E| denotes the order of the covering. 

Note that the definition (1-22) is geometrically very natural and conceptually 
very simple, compared with the practical definition (1-11) of orbifold invariants 
associated to transitive F-scts which is suitable for calculation. 

The above formula is very interesting because it explains the geometric origin of 
the infinite product (one factor for each connected covering space) and describes 
each factor geometrically in terms of covering spaces. 

Intuitive explanation of this identity may be given as follows. There are two 
ways to lift maps in Map(E, 5'P"(M/G)) to equivariant maps from certain 
principal bundles. One way is to lift a map 7 : E — > SP"'{M/G) to a Gl&n- 
equivariant map 7 : Pce^ M"^, where Poie^ is a G?©„ -principal bundle 
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over E . The orbifold invariant using this lifting gives rise to the left hand side 
of (1-24). 

To describe another way of lifting, note that any map / : S — > SP^ (M) into an 
n-th symmetric product corresponds to a (branched) n-sheeted covering space 
TT : S' — > S whose fibre over x G S is /(x) C M. That is, S' is given by 
E' = {(a;,y) G S x M | y G /(x)}. This is not always a covering space because 
for some a; G S the corresponding un-ordcred set of n points f{x) may not 
consist of n distinct points. The (branched) covering space S' comes equipped 
with a natural map f : E' ^ M which is unique up to "deck transformations" 
of S'. Namely, if we have a homeomorphism h : Y^' — > E' commuting with 
vr, then both maps /' and f o h induce the same map / : S — > SP'^{M) by 
associating to each a; G S the fibres of /' and f oh. 

Now in our context, to any map 7 : E — > SP"'{M/G) wc cab associate a 
map 7' : E' — >^ M/G from an n-sheeted (branched) covering space E' over E 
described above. This map 7' is determined up to "deck transformations" of 
E'. We then consider lifting this map to a G-cquivariant map 7' : Pq — ^ M, 
where Pq is a G-principal bundle over E' . Orbifold invariants corresponding to 
these lifts are the orbifold invariants associated to covering spaces in the right 
hand side of (1-24). We expect the covering space formalism in (1-24) would 
be valid for other orbifold invariants and also for the global topology of twisted 
sectors. 

We suspect that the formula (1-24) will continue to be valid for general orbifolds 
which are not necessarily global quotients. We hope to come back to this 
question later. 

Finally, as an application to combinatorial group theory, we calculate the num- 
ber Ur{T) of conjugacy classes of index r subgroups of F. Our combinatorial 
formulae obtained by specializing our topological formulae to the case M = pt 
allow us to prove the following formula on Ur{T) [Theorem 8-1]. This simple 
formula does not seem to be known before. 



Theorem H The number Ur(X) of conjugacy classes of index r subgroups of 
F satisfies the following recursive relation in terms of subgroups of F: 

(1-25) jm{r X Z) = • Ur{r) = Y.Y1 |Hom(i7ab,Z,)|, 

r\m r\m H 

\T/H\=m/r 

where Hg;i^ denotes the abelianization of H . 
Algebraic & Qeometric Topology, Volume 3 (2003) 



Generalized Orbifold Eviler Characteristics 



803 



If we like, instead of having a recursive formula as above, we can write down 
the formula for Ur (r) using Mobius inversion formula. See the paragraph after 
Theorem 8-1. The above formula allows us to compute numbers Ur{r) for 
surface groups F^+i , Fg^i , and Ah+2 for g,s,h > very quickly [Corollary 
8-2]. Geometrically these numbers ^^(r) are important because they count 
the number of non-isomorphic connected covering spaces over surfaces. These 
numbers were calculated before in [12], [13] by different methods. However, 
our formula (1-25) is valid for any group F, not just for surface groups. In 
our formula, all wc have to do is to count the number of homomorphisms from 
abelianization of subgroups to cyclic groups. This simplicity makes our formula 
useful. 

The organization of this paper is as follows. In section 2, we discuss general 
properties of F-extended orbifold invariants and explain their geometric origin. 
In section 3, we study homomorphisms into wreath products in terms of F- 
equivariant G-bundles and prove Theorems D and E. In section 4, we study 
the structure of centralizers of homomorphisms into wreath products in terms of 
F-equivariant G-automorphisms and prove Theorem F. In section 5, we prove 
Theorems A and B, together with the first part of Theorem C. We also discuss 
the cases when F is a free abelian group, the fundamental group of a non- 
orientable surface, and a free group. In section 6, we further extend orbifold 
invariants to ones associated to isomorphism classes of F-sets. This will be used 
to prove Theorem A' and Theorem C. Our main results in this paper deal with 
much more general cases than [17], and results in [17] follow quickly as special 
cases. In section 7, wc describe orbifold invariants associated to covering spaces 
and prove Theorem G. Finally, in section 8, we apply our combinatorial formula 
to compute the numbers «r(F) and prove Theorem H. 



2 Orbifold invariants associated to a group F 

In this section, we describe general properties of the F-extended orbifold in- 
variant ipr{M; G) defined in (1-4). In particular, properties of the F -extensions 
of orbifold Euler characteristics defined in (1-3) are discussed in detail. Later 

in this section, we explain twisted spaces in the context of mapping spaces into 
orbifolds and motivate the definition of our generalized orbifold invariant (1-4). 

Let G be a finite group and let (p{A'I ; G) be a multiplicative invariant for a 
G-manifold M. Namely, for any Gi -manifold Mi and G2 -manifold M2, the 
invariant satisfies 

(^(Mi X M2;Gi X G2) = ip{Mi;GMM2;G2). 
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This invariant (p{M; G) may depend only on the topology and geometry of 
the orbit space M/G. For example, Euler characteristic x{^/G), signature 
Sgn(M/G), and spin index Spin(M/G), in appropriate geometric settings, are 
such examples. On the other hand, the invariant (p{M; G) may actually depend 
on the way G acts on M . For example, for any group F, F-cxtcnsions of the 
above geometric invariants are such examples. For convenience, we repeat the 
definition of F-extension here. For any such invariant (p{ ■ ; ■ ), its F-extension 
is defined by 

(2-1) <^p(M;G)=^^(mW;C(</.)), 

[0]eHom(r, G)/G 

where M^*^^ is the {(p) = Iracj) fixed point subset, and C((/)) is the centralizer 
of {(p) in G. Note that it can happen that two non-conjugate homomorphisms 
^1 , 02 : F — >■ G have the same image subgroups {4>i) = {^2) ■ Also note that 
the quantity (^(M^"*^^ ; C((^)) depends only on the G-conjugacy class of 4>- 

Basic properties of F-extended orbifold invariants are the following ones. 

Proposition 2-1 Let <p{M; G) be a multiplicative invariant as above. 

(1) For any group T, the T-extended orbifold invariant cpr{M;G) is multi- 
plicative: for any (Mi;Gi) and (M2;G2), we have 

MMi X M2;Gi X G2) = ipriMi;Gi)ipr{M2;G2). 

(2) For any groups K,L, 

(2-2) Vk.l{M;G) = (^,),(M;G) =^(^4mW;C(</.)). 

[>t)]eUoin(K,G)/G 

Proof The formula in (1) is straightforward using the multiplicativity of (p. 
For (2), by definition, 

Here, #[(/>i] denotes the number of elements in the conjugacy class [4>i], and 
[4>2]c{<t>i) is the C(0i) -conjugacy class of 4>2- Since the images of cpi and 02 
commute, using the notation (pi x (f)2 : K x L ^ G , we have 

(j>i:K—^G 4,2:L—^C(<t>i) 



\G\ 



bxX<j>2:Ky.L—^G 

= J;(^(M<'^^x*^);C(</>i X </>2)) = ^.xa^;G). 
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In the last line, [0i x (j)2] runs over all the conjugacy classes Honi(X x L,G)/G , 
and we used a fact that the number of elements in the conjugacy class of the 
image of (j)i x 02 is |G|/|C(0i x 4>2)\- In the above, we used a formula |G| = 
#[(?!)]• I C(</)) I a few times. This completes the proof. □ 

Recall that in section 1, we defined two kinds of Euler characteristics for (M; G) 
in (1-3). One of them is x°'^{M;G) = x{M)/\G\, and the other is xiM;G) = 
x{M/G) . It is well known that the Euler characteristic of the orbit space M/G 
of a G-manifold M can be calculated as the average of the Euler characteristic 
of g'-fixed point subsets (see for example [14, p. 127]): 

(2-3) X(M/G) = -J-^X(M<«)). 

Here are some useful formulae for F -extended orbifold Euler characteristics. 

Proposition 2-2 (1) The invariant x'r^iM'jG) can be calculated as an av- 
erage over homomorphisms : F — > G : 

(2-4) x?\M;G) = j^S2^i^^^^)- 

In particular, xT^{M;G) =x{M/G). 

(2) The T -extensions of x°^^iM;G) and x{M;G) are related as follows: 
(2-5) XJ^?.(M;G) = Xr(M;G) =5^x(mW/C(0)) . 

[<^]eHom(r, G)/G 



Proof For part (1), we unravel definitions. 

X-(M;G) = X:X°-(M<^);C(0)) =X:^^g^ = ^^^(M^^)), 

where [(f)] G Hom(F,G)/G and (j) € Hom(r,G). This proves formula (2-4), In 
particular, when F = Z, we have xT^{M;G) = (1/|G|) Egec x(^^^^ ) , which 
is equal to x{M/G) by (2-3). 

For (2), by the product formula (2-2), we have 

X°?,(M;G) = ^ xr(MW;C(0)) =^x(mW/C(</>)) =Xr(M;G). 
[</.]eHom(r,G)/G M 

This completes the proof. □ 
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For example, when F = Z , we have 

X^\M;G) = -L\2^^M<^M) = J2x{M^'^ /C{g)) , 

' ' 9h=hg [g] 

which is the physicist's orbifold Euler characteristic (1-1). The following corol- 
lary is obvious. 



Corollary 2-3 When M = pt, we have 

When G is the trivial group {e} , we have 

(2-7) x^'^iM; {e}) = Xr(M; {e}) = x(M). 



Here, the identity |Hom(F, G)/G\ = |Hom(F x Z, G)|/|G| comes from Xr(pt; G) 
= Xrx'z(pt; G) given in (2-5). This is a well-known and useful formula. 

When ( • ; G*) is regarded as a function on G-CW complexes with values 
in j^Z, it is an additive function. If either G or F is abelian, it is a complex 
oriented additive function in the sense of [8] . Since an additive function defined 
on G-CW complexes is completely determined by its values on transitive G- 
sets, we calculate these values. We also do the same for Xr( ' 'iG). 

Proposition 2-4 Let H be a subgroup of G. Then 

X-^G/iJ;G) = x-^pt;/^) = ^^^^^^^ 
(2-8) 1^1 

XriG/H-G) = Xr{pt;H) = \Rom{T,H)/H\. 



Proof Using (2-4), we have 

X?\G/H;G) = ± S2x{iG/H)(^y) = ^ |(G/i?) W |. 

Here \{G / H)^'^''^ \ counts the number of elements in G/H whose isotropy sub- 
groups contain (?!)(F). Since there are \Ng{H)/H\ elements in G/H with the 
same isotropy subgroups, we have 

|(G/iJ)W|= ^ \Ng{H)/H\. 
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Here H' H means that H' and H are conjugate in G. Continuing our 
calculation, we have 

. »|Ho.(r!'H7 E . 

Ill I H''^H 

since the number of subgroups H' conjugate to in G is given by \G\/\Ng{H)\, 
the above quantity is equal to |Hom(r, . 

For Xr{ ■ using (2-5), (2-6), and what we have already proved, we have 
XAG/H;G) =x?^AG/H;G) =x?X{pt;H) =xApt;H) = \Roin{T,H)/H\. 
This completes the proof. □ 

Next, we turn our attention to orbifold Euler characteristics of symmetric prod- 
ucts without F-extension. Macdonald's formula [10] says that 

(2-9) j;g'^x(M^G^6„) = g"x(5P"(M/G)) = _ ^^^^^^ ■ 

n>0 n>0 ^ ^' 

The corresponding formula for x°^^{ ' '■> ' ) is given by 

(2-10) Yl 9"X"^^"; Gien) = expj^^} = explgx^-^^M; G)}. 

n>0 ' ' 

This formula follows immediately since x°'''^(M„; G;©„) = x{^^)^ / {\G\"'nl) by 
definition. The objective of this paper is to develop a theory and a technique 
to calculate orbifold invariants with F-extensions of symmetric products. 

For the remaining part of this section, we explain the notion of twisted sectors 
(or spaces) from which follows the geometric origin of our definition of the 
orbifold invariant (2-1) associated to a group F. The notion of twisted sectors 
arises in orbifold conformal field theory [6] in which strings moving in an orbifold 
M/G are considered. This situation is analyzed through their lifts to M. When 
lifted to M, a string may not close, but its end points are related by the action 
of an element g & G. Thus, we are led to consider the 5 -twisted free loop space 
LgM for g & G given by 

LgM = {7 : M M I 7(t + 1) = 5 • 7(t) for all t € M}. 

On this space the centralizer C{g) acts. The y-twisted sector in orbifold con- 
formal field theory is, intuitively, a vector space obtained by "quantizing" LgM 
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(read: by taking a certain function space on LgM), and as such C{g) acts 
projectively on this vector space. 

The same point of view can be apphcd to more general context. Let S be any 
connected manifold. We consider S moving in an orbifold M/G. The basic 
configuration space is a mapping space Map(E, M/G) . To analyze this situa- 
tion, we consider their lifts to G-equivariant maps from G-principal bundles P 
over S to M. Since the action of G on M is not assumed to be free, not all 
maps 7 : S — > M/G lift to G-equivariant maps from principal bundles. Even 
when they do, there can be lifts from several non-isomorphic principal bundles 
to M. We consider the set of all possible lifts 7 of 7 € Map(S, Af/G) for all 
possible G-principal bundles P over S, and we introduce an equivalence rela- 
tion among lifts: two lifts 71 : Pi — M and 72 : P2 — of 7 are equivalent if 
there exists a G-bundle isomorphism a : Pi — > P2 inducing the identity map 
on E such that 72 o a = 71 . We denote the set of all equivalence classes by 
Ls(M;G). There is a natural map from Ls(M;G) to the original mapping 
space. Thus we have 

(2-11) TTs : Ls(M; G) = ]jMapG(P, M)/AutG(P) -> Map(S, M/G). 

[-P] 

Here the union runs over all the isomorphism classes of G-principal bundles over 
S. When the G-action on M is free, the above map tt^ is a homeomorphism. 
In general, the map tTe is a kind of mild rcsohition of orbifold singularities. Note 
that Ls(M;G) is still an orbifold, although the group AutG(-P) is in general 
a proper subgroup of G for any P. The part of Ls(M;G) corresponding to 
[P] is called the [P] -twisted sector. Note that the space Map^ (P,M) can be 
described as the space of sections of a fibre bundle Pm = P Xq M — > S. 

The same space can be described in a different way. Since the isomorphism 
class of a G-principal bundle P — > S is determined by the G-conjugacy class 
of an associated holonomy homomorphism : 7ri(S) — > G and since the group 
of G-bundle automorphisms Aut q(P) of a G-bundle P — > T, associated to cp is 
given by the centralizer G(0) C G, the space of total twisted sectors Ls(M; G) 
can be described alternately as follows: 

(2-12) Ls(M; G) = ]J Map^(S, M)/G((/.). 

W 

Here the disjoint union runs^over all G-conjugacy classes of homomorphisms 
(f) : 7ri(S) — > G, the space S is the universal cover of S, and the 0-twisted 
mapping space Map<^ is defined by 
(2-13) 

Map^(S,M) = {7 : S ^ M I -f(ph) = (pih)-^j{p) for allp G S,^ G 7ri(S)}. 
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We call Map^(S,M) the -twisted sector. 

Our future goal is to investigate global topology of the infinite dimensional 
twisted space Lx;(M;G). In this paper, we examine the subspace of (2-11) 
consisting of locally constant G-equivariant maps. The same space can be 
described as the space of constant ^-equivariant maps in (2-12). Although 
this is a very small portion of the space Ls(M;G), it already contains very 
interesting information. This space of (locally) constant equivariant maps comes 
equipped with a map to M/G: 

(2-14) Tfs : n M^"^^ /C((/>) M/G, 

where [(p] G Hom(r,G)/G, with F = 7ri(S). Note that the space correspond- 
ing to the trivial is M/G, and the map M'^*'^ /C{(t)) M/G is the obvious 
map: mapping C((/>) -orbits to G-orbits in Af. By considering the Euler char- 
acteristic of the left hand side, we get our definition (2-1) of the orbifold Euler 
characteristic associated to the group F. In this form, the group F can be any 
group, it does not have to be the fundamental group of a manifold. This gives 
our definition (2-1) for any group F. However, interesting cases are for those 
groups F arising as fundamental groups of manifolds. 



3 Geometry of homomorphisms into wreath prod- 
ucts 

For results in this section and the next, the group G does not have to be finite. 
We assume finiteness only in the orbifold context. 

Let M be a G-manifold. On the n-fold Cartesian product M", the direct 
product G" acts coordinate- wise, and also the n-th symmetric group 6„ acts 
by permuting factors. Combining these two actions, we have an action of the 
wreath product G„ = Gl&n on M'^ , which is formally defined as follows. Let 
n = {1,2, ... ,n} for n > 1. The n-th symmetric group 6n is, by definition, 
the totality of bijections of n to itself. The wreath product Gl&n is defined as 
a semi-direct product 

(3-1) G26„ = Map(n,G) x6„, 

where a G 6„ acts on / G Map(n,G) by {a-f){k) = f{a~'^{k)) for A; G n. The 
product and inverse in Gl&n is given by {fi, cri){f2, (J2) = (/i • 1T1/2, 0"i(T2) and 
(/,c7)-i = (c7-V"^o■"^) for any /i,/2,/ G Map(n, G) and ai,a2,a G 6„. 
When n = 0, we set G„ to be the trivial group. 
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The left action of (/, a) G Gl&n on {xi,X2, ■ ■ ■ , x„) G M" is given by 
(3-2) 

(/,o-)(xi,X2, . . . = (/(l)a;^-i(i),/(2)x^-i(2), . . . , /(n)x^-i(„)) G M". 

In the calculation of the T-extended orbifold invariant ipr{M'^]G I S„) of the 
n-th symmetric product of an orbifold (see (5-1) for an explicit expression), we 
have to deal with homomorphisms into wreath products. Let :T — > Gl&n 
be such a homomorphism. Let 9{u) = {f{u, ■ ),(p{u)), where f{u, ■ ) G 
Map(n, G), and cj) : T — > ©„ is the composition of 6 and the canonical pro- 
jection map Gl6n — ®n- Through (p, any 6 induces a F-sct structure on n. 
That ^ is a homomorphism immediately implies that the two variable function 
/(•, •):rxn — > G satisfies the following identities: 

f{niU2,e) = f{ui,£)f{u2,cl){u,)-\£)) 
(3-3) /(1,^) = 1 

f{u,£)-' = f{u-\cl>{u)-\i)) 

for any Ui,U2 G L, and i £ n. 

Recall that there is a bijective correspondence between the conjugacy classes of 
homomorphisms Hom(r, ©„)/©„ and the set of isomorphism classes of F-sets 
of order n . We prove a similar correspondence for homomorphisms into wreath 
products. Namely, 

Theorem 3-1 Let G and T be any group. Then the following bijective cor- 
respondence exists: 
(3-4) 

i Isomorphism classes of T -equivariant G-principaJl Hom(r G )/G 
\bundles over a T-set of order n J > n n 



Before proving this theorem, we discuss some generalities on F-equivariant G- 
principal bundles. These objects arise naturally in the context of G-bundles 
over finite covering spaces. See section 7 for details. Let tt : P ^ Z he such a 
bundle. Then P ^ Z is & (right) G-principal bundle over a left F-set Z and 
F acts G-equivariantly on P from the left, inducing the F-action on Z . Thus, 
the left F action and the right G action on P commute. We can also let F x G 
act on P from the right by setting p ■ [u, g) = u~^pg G P for any p £ P , u eT 
and g E G. We use both of these two view points on group actions on P. 

For p e P, let X = -jt{p) G Z and let be the isotropy subgroup aX x e Z 

of the F action on Z. Since any h G preserves the fibre Tr~^{x), for any 
point p G 7r~^(x) we may write h ■ p = p ■ Pp{h) for some unique Pp{h) G G. 
Since left F action and the right G action commute, it can be easily checked 
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that pp : — > G is a homomorphism. Thus, to each point p ^ P, there is an 
associated homomorphism pp. At any two points p and p' of P over the same 
r -orbit in 2', we can easily check that the corresponding homomorphisms pp 
and Pp' are related by 

(3-5) pp'{uhu~^) = g~'^pp{h)g, p' = upg, 

for some u eV and g ^ G. Here h G H^(^p-j so that uhu~^ G H^(^p>-j . 

The basic structure of a T-equivariant G-principal bundle over a T-transitive 
set is simple. 

Lemma 3-2 Let it : P — > Z be a T -equivariant G-principal bundle over a 
transitive T -set Z . For any point po & P , let p : H — > G be the homomorphism 
associated to po £ P, where H C T is the isotropy subgroup at 7r(p) e Z so 
that Z = T/H as T-sets. Then, we have a T -equivariant G-principal bundle 
isomorphism T XpG = P, where [u,g] G F Xp G corresponds to up^g G P. 
Here, the equivalence relation in Pp = F XpG is given by [u, g] = [uh, p{h)~^g] 
for all h e H. 

The proof is straightforward. One notes that T xG acts transitively on P from 
the right whose isotropy subgroup at po £ -P is {{h, p{h)) \ h G H} = H . 

The reason of our use of G-bundles in our study of wreath products is that 
wreath products arise naturally as the full automorphisms groups of G-bundles 
over finite sets. 

Lemma 3-3 The group of G-bundle automorphisms of the trivial G-bundlc 
over the set n is the wreath product Gl&n- That is, AutG(n x G) = Gl&n- 
Here, the action of {f,(T) G Gl&n given in (3-1) on {£,g) e n x G is given by 
{f,a)-{e,g) = {a{i),fiaii))g). 

One can easily check that this defines an action. This action is compatible 
with the action (3-2) in the following way. Through the identification M" = 
MapG!(n X G, M) given by the evaluation of G-equivariant maps at 1 G G, 
the action of (/, a) on M" given in (3-2) corresponds exactly to the action 

((/,a)-i)* on MapG(n xG,M). 

Lemma 3-3 gives a geometric characterization of wreath products. This is 
the very reason why G-principal bundles are relevant to our study of wreath 
products. 

We are ready to prove Theorem 3-1. 
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Proof of Theorem 3-1 First we describe the correspondence (3-4) and show 
that it is well defined. 

For a given F-equivariant G-principal bundle tt : P — > Z with \Z\ = n, we 

choose a section s : Z — > P and a bijection t : n ^ Z. We then have a 

G-bundlc isomorphism n x G ^ Z x G P. We transfer the F action 

t s 

on P to an action on n x G through this isomorphism. Since the action of 
7 G F on P is G-equivariant, the corresponding action ^(7) on n x G is 
also G-cquivariant. Since AutG(n x G) = Gl&n by Lemma 3-3, we have a 
homoniorphism ^ : F — > Gl&n- 

We show that the conjugacy class [6] is independent of the choices (s,t) and 
depends only on the isomorphism class of tt : P — > Z as a F-equivariant G- 
bundle. Let tti : Pi —> Zi and 1:2 P2 ^ Z2 be two isomorphic F-equivariant 
G-bundles. Let cp : Pi P2 be an isomorphism. Let and (525^2) 

be the choices as above for Pi and P2. We have the following commutative 
diagram. 

^ ^ ^ 
n X G > Pi s- P2 < n x G 



(si.ti) 



1(7) 



n X G 



(si,ti) 



Pi 



P2 



(S2,t2) 



(S2,t2) 



n X G 



The composition of horizontal maps is a G-bundlc isomorphism rj of n x G, 
and hence rj £ Gl&n , and the commutativity of the diagram shows that ^2(7) = 
77^1(7)77"^. Thus, 61,62 :T ^ Gl&n are conjugate in G?6„. This proves that 
the correspondence (3-4) is well defined. 

Next we show that the correspondence (3-4) is onto. Let 9 : T — > Gl (3„ 
be a homomorphism. Let Pg be n x G with F-action induced by : F — > 
AutG(P6») = Gl&n- Since the left F-action commutes with the right G-action 
on Pff , this F-action induces a F-action on n. Hence Pg ^ n is a F-equivariant 
G-bundle. With the obvious choice of (s, t) , the homomorphism corresponding 
to Pg — > n is clearly 9 : T — > Gl&n- Hence the correspondence (3-4) is onto. 

We give another proof of surjectivity. In this proof, a bTindlc P — > Z cor- 
responding to 9 is constructed from a different point of view as a union of 
F-irreducible G-bundles. This description clarifies the detailed internal struc- 
tures of the bundle P — > Z, and it will be useful for later sections. Let 

proj 



9 : T — > G I &n be a homomorphism. Let : F — > G I &n 
a composition. Let 9{u) = [f{u, ■ ),^(m)) for u € F. Let n 



the orbit decomposition of n under the F-action on n defined by 



&n 



be 
be 
We 
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choose a base point E X(. from each orbit, and let be the isotropy sub- 
group at x^. Now decomposes as 6 = Y\^0(^ : T — > Y\^Gl&{X^) , where 
9^ -.r ^ Gl&{X^), and &{X^) is the group of permutations of X^. For each 

let /9g : i/g — > G be defined by p^{u) = f{u,x^) for u E H^. Since 
fixes x^, the first formula in (3-3) shows that is a homomorphism. Now 
set P = IJ^(r Xp^ G — > X^). This P is a F-equivariant G-principal bundle 
over n. We show that by choosing sections for these bundles appropriately, 
the homomorphism corresponding to P is precisely 9 we started with. Now 
a section for P^ = T x G — > X^ is the same as a p^-equivariant map 

: F — >■ G. Let s^{u) = f{u~^,x^) for « G F. By (3-3), for h € we have 
s^{uh) = f{h-^u-^,x^) = f{h-^,x^)f{u-^,4>{h)x^) = |0^(^)-^s^(m) , where 
(j){h)x^ = x^ since h G H^. This shows that is pg-equivariant. Thus, a 
map : X^ — > F x^^ G given by a^(^(u)a;^) = [«, s^('u)] for u G F is a well 
defined section of P^ X^. Using this section, we have a G-bundle isomor- 
phism X^ X G — > F Xp^ G mapping {(f){u)x^,g) to a^{4'{u)x^)g = [u,s^{u)g]. 
We transfer the F action on F Xp^ G to X^ x G using this isomorphism. 
Let ^^(7) be the action on X^ x G corresponding to the action of 7 on 
F Xp^ G, in which the action of F is given by ^[u, s^{u)g] = [yu, s^{u)g]. Let 
9^{^){(p{u)x(^, g) = {(p{'ju)x(.,g') for some g' E G . The corresponding element 
in F Xp^ G is [7^, s^{'~fu)g'] which must be equal to [yu, s^{u)g] . Using (3-3), we 
have s^{'yu) = s^{u)f{'y,4'{'yu)x^)~^, hence g' = f{'y,<p{'yu)x^)g. This means 
that 9^{^){(l){u)x^,g) = {(l){ju)x^, f{'y,<t){^u)x^)g) = (7(7, ),<^(7)) •(^(n)x^,g) 
by the description of the action of G„ on n x G given in Lemma 3-3. This 
shows that the F-action 9'^ on X^xG is given by ^[(7) = (/(7, ), ^(7)) , which 
is the original 9 restricted to the bundle over X^, namely 0^ : F — *■ Gl&{X^). 
Hence the homomorphism Y\ corresponding to the F-equivariant G-bundle 
P = Ug(F Xp^G ^ X^) with chosen sections is precisely ^ : F — >■ Gl&n- 

This proves that the correspondence (3-4) is onto. 

Finally, we show that the correspondence (3-4) is injective. Let iTi : Pi — > Zi 
for i = 1, 2 be two F-equivariant G-bundles such that corresponding homomor- 
phisms 9i and 92, after making some choices (sj, tj) for z = 1, 2, are conjugate 
by an element rj G Gl&n- We then have the following commutative diagram. 

— >^ n x G — = — ^ Po 



Pi 


n x G 












7 




^1(7) 


Pi ^— — 


n X G 



(«2,t2) 

2(7) 



n X G 



(Sl,tl) V (S2,t2) 

The composition (p of the horizontal maps is a G-bundle isomorphism. The 
commutativity of the diagram shows that <^ : Pi ^ P2 is a G-bundle map 
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commuting with the action of T . Hence (/? is a F-equivariant G-bundle isomor- 
phism. This shows that the correspondence in (3-4) is injective. This completes 
the proof. □ 

Next we discuss isomorphisms between F-equivariant G-principal bundles. Re- 
call that for any point p € P, we can associate a homomorphism pp : H^^^p-^ — > 
G. This homomorphism completely characterize the T-G bundle P — > Z when 
the base is a transitive F-set. 

Proposition 3-4 (1) Let iTi : Pi ^ Zi he T -equivariant G-bundles for 

i = 1,2. Let Lp : Pi — > P2 be T -equivariant G-bundle isomorphism. Then for 
every pi & Pi, letting p2 = f{pi), we have 

(3-6) pp^ = pp^ : H ^ G, 

where H = H^^f^p^-^ = H^^^p^-^ C F is the isotropy subgroup at 7ri(pi) G Zi and 
7r2(p2) e Z2. 

(2) Conversely, if there exists pi G Pi and p2 G P2 such that pp^ = pp^ and 
if Zi and Z2 are transitive T-sets, then there exists a unique T -equivariant 
G-bundle isomorphism ip : Pi P2 such that (p{pi) =P2- 

Proof The F-equivariant G-bundle isomorphism induces a F-isomorphism 

Tp : Zi — > Z2 on the base sets. Hence isotropy subgroups at xi = T^i{pi) and 
X2 = vr2(p2) = ^(3^1) must be the same subgroup of F which wc call H . Let 
the homomorphisms associated to points pi and p2 be pi, P2 '■ H — > G. For 
any h G H , F-equivariance of ip and the definition of p2 imply that ip{hpi) = 
hip{pi) = hp2 = P2P2{h) ■ On the other hand, G-equivariance implies that 
f{hpi) = ^{piPi{h)) = <p{pi)pi{h) = p2Pi{h). Since the G-action on P2 is 
free, we have pi{h) = p2{h) for all h e H . This proves the first part. 

For the second part, we first show uniqueness of ip. Suppose a F-equivariant 
G-bundle isomorphism ip : Pi —>■ P2 such that ip{pi) = P2 exists. Then it must 
have the property ip{upig) = up2g for all n G F and g G G. Since Zi and Z2 
are transitive F-scts, the actions of F x G on Pi and P2 are transitive. Thus 
the above identity uniquely determines ip. This proves uniqueness of ip. 

For existence, since pp^ = pp^ = p, say, we have Pi F XpG ^—>- P2 , where ipi 

are F-equivariant G-bundle isomorphisms in Lemma 3-2 such that V'i([l, 1]) = 
upig for i = 1,2. Then ip = ip2 o ip'^^ is the desired F-G isomorphism. This 
completes the proof. □ 
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Next, we classify F-equivariant G-bundlcs over transitive F-scts. Let it : P — > 
Z be such a bundle. For z G Z , let be the isotropy subgroup at z . Then the 
collection of homomorphisms pp : ^ G for all p G 'k~^{z) forms a complete 
G-conjugacy class, that is, an element in Hom(i72,G)/G in view of (3-5). The 
normalizer Ny{Hz) acts on this set of conjugacy classes by conjugating Hz- 
For each point z G we consider the set of A^r(-ffx) -orbits in Hom(iJ^, G)/G. 
This gives us a bundle of sets: 

(3-7) u ■ W Hom(i^„ G)/{Nr{Hz) xG)-^Z. 

zez 

This bundle u) depends only on the F-set Z . The above argument shows that 

for any F-cquivariant G-bundle P over Z, wc have an associated section rjp 
of uj whose value at z G Z is the A^r(-ffz) -orbit of the G-conjugacy class 
[pp] G Hom(ff2,G)/G for any p G 7r~-^(z). Note that for any P over a F- 
transitive set Z, this section rjp is determined by its value at any single point 
z G Z, since Pp for p G tt~^{z) determines p'^ for any other point p' G P when 
Z is F-transitive by (3-5). We show that this section rjp of the bundle co, or 
equivalently, its value at any point of Z, determines the F-G isomorphism class 
of the bundle tt : P ^ Z for a F-transitive set Z. 

Proposition 3-5 Let Tii : Pi — > Z he T -equivariant G principal bundles over 
the same transitive F-set Z for i = 1,2. Then the following statements are 
equivalent: 

(1) Two bundles Pi and P2 are isomorphic as T -equivariant G -principal bun- 
dles. 

(2) For some Zq e Z , we have rip^{zo) = r]p^{zQ) G 11otsi{H^^,G) / {Ny{H^^) x 
G). 

(3) For all zeZ,we have rip^{z) = r]p^{z) G Y{.om{H^,G)/{NY{H^) x G). 

Proof (1) =^ (3). Let (p : Pi — ^ P2 be a F-equivariant G-bundlc isomorphism. 
For any pi e Pi, let p2 = ¥'(pi), and 7Ti{pi) = zi, TX2{p2) = Z2. Since 
the induced F-isomorphism ^ on Z is such that ^(^i) = {Z2), the isotropy 
subgroups at these points are the same = Hz^ , and since F acts transitively 
on Z , we must have Z2 = uzi for some u G A^r {Hz^ ) • To compare rjp^ and 
?7p2 over the same point zi, let = u~^p2g~^ G P2 for any g e G. Then 
both P2 and pi are points above zi. Let pi = pp. for i = 1,2, and P2 = 
Pp'^. Then by (3-5), wc have p2{uhu~^) = g~^P2{h)g for all h G i^z^ . Since 
(p{pi) = P2, by Proposition 3-6 we have pi = P2- Thus, we have pi{uhu~^) = 
g~^P2{h)g for all h G Hz^. This means that r]p^(zi) = [pi] = [pj] = "^Pal-^i) 
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in TLom^H , G) / (Ny (H zj^) x G) . Since pi G Pi can be an arbitrary point, we 
have 7]p_^ = rjp^ as sections of the bundle u . This proves (3) . 

(3) ^ (2). This is obvious. 

(2) =^ (1). Suppose for some zq G Z, wc have rj^^lzo) = rjp^lzo). this means 
that for any choices of points pi G 7rj~^(2;o) and p2 G 7r^^(zo), there exists 
u G Nr{Hzg) and g G G such that p\{uhu~^) = g~^p2{h)g for all ^ G . 
Here we put pi = pp. for i = 1, 2. Let p'2 = up2g G P2 • Then, letting p'2 = pp'^ , 
we have p2{uhu~^) = g~^p2{h)g for all h G H^^ by (3-5). Thus, we have 
P\ = p'2 '■ — > G. By the second part of Proposition 3-4, there exists a 
unique F-equivariant G-bundle map (p : Pi ^ P2 such that ip{pi) =P2- Note 
that the induced F-map ^ on Z is such that ^(zq) = ^2:0 5 smd zq and uzq 
have the same isotropy subgroups. This completes the proof. □ 



Remark We can also think of the above situation in the following (better) 
way. When Z is a transitive F-set, we consider a bundle over Z: 

(3-8) ]J Hom(iJ^ ,G)/G^ Z. 

Any F-cquivariant G bundle it : P — > Z gives rise to a section Sp whose 
value at z € Z is the G-conjugacy class {Pp}pe-K-^{z)- Now this section Sp 
is F-equivariant. Here the result of an action of n G F on / G Hom(iJ, G) is 
given by uf G }iom{uHu~^ , G) defined by {uf){uhu~^) = f{h) for any h E H. 
Thus dividing by the action of F, each bundle P determines a unique element 
[sp] whose representative is given by r]p{z) G llom{Hz,G)/{Nr{Hz) x G) for 
any z E Z. Proposition 3-5 says that this element classifies the F-equivariant 
G-bundle isomorphism class of tt : P ^ Z . 

Reformulating this proposition, wc have the classification theorem of F-equivar- 
iant G-principal bundles over transitive F-sets. 

Theorem 3-6 (Classification of F-G bundles) Let G and F be any groups. 

Then there exists the following bijective correspondence: 

(3-9) 

(isomorphism classes of F -irreducible G-1 i:i tTtt i u r'\ H at (tj\ r<\ 
\ principal bundles over T -sets of order n \ -U- \ ■> //\ ^\ J )■' 

where [H]^ runs over the set of conjugacy classes of index n subgroups of F. 

If we allow T -irreducible G -bundles over arbitrary not necessarily Rnite T-sets, 
then the bijective correspondence is still valid without the Gniteness restriction 
on \T/H\ on the right hand side. 
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4 Centralizers of homomorphisms into wreath prod- 
ucts 

Let 6 : r — > Gl&n = Gn be a homomorphism into a wreath product. In this 
section, we determine the structure of the centrahzer of the image of in G„ . 
Of course this is a purely group theoretic problem, but we found it illuminating 
and simpler to consider this problem from a geometric point of view. 

From the proof of Theorem 3-1, given 9 as above, there exists a F-equivariant 
G-principal bundle tt : P — > Z over a F-set Z of order n such that for appro- 

priate choices of a section s : Z — y P and a bijection t : n —y Z , we have the 
following commutative diagram of groups and homomorphisms. 

F = F 

Bp e 

AutG(P) Gl&n 

{s,t). 

Here the bottom arrow is the one induced by a trivialization (s, t) : nx G = P. 
Now any element in the centralizer C{9) C G„ corresponds, under {s,t)^, to 
a G-bundle automorphism of P which commutes with the action 9p of F on 
P. These are F-equivariant G-bundle automorphisms of P which we denote 
by Autr-G • This proves the following lemma. 

Lemma 4-1 Let 9 : T ^ Gl&n be a homomorphism. Let tt : P ^ Z 
he any F-equivariant G-bundle whose isomorphism class corresponds to the 
Gn -conjugacy class [9]. Then we have C {9) = Autr-c • 

When the base Z is a transitive F-set, we have called tt : P — > Z & F-irreducible 
G-bundle. In this case, the group F x G acts transitively on the total space P. 
Our next task is to describe F-G automorphisms of a F-irreducible G-bundle. 
By Lemma 3-2, such a bundle is of the form 'Kp : Pp = V x p G — >Z = T/H 
for some subgroup H cT and some homomorphism p : H — > G. We have the 
following obvious exact sequence: 

1 Autr-G Autr-G (Pp) ^ Autf (Z) L 

Here Autr-G (^p)z is a subgroup of Autr-G (fp) inducing the identity map on 
Z. The group Autf (Z) is a subgroup of the group Autr(Z) ^ H\Nr{H) of 
F-automorphisms of Z which extend to F-G automorphisms of Pp . 
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Remark Since H is a normal subgroup of A^p(i?) , it docs not matter whether 
we use right cosets H\N-p{H) or left cosets N-^i^H) / H : they are the same group. 
We use right cosets notation here only because it is more appropriate due to the 
formula of the isomorphism $ : H\Ny{H) = Autr(.Z^) in the proof of Theorem 
4-2. 

For p : H — > G as above and u G Nr{H) , let : H — > G he a homomorphism 
defined by conjugation by u, that is, p^{h) = p{uhu~^) for h G H . Let 

(4-1) N^{H) = {u£ Nt{H) I p"" and p are G-conjugate}. 

This subset of Ny{H) is easily seen to be a subgroup of Ny^{H). Another way 
to think about (H) is as the isotropy subgroup at [p] of the A^p (if) -action 
on Rom{H,G)/G. 

Theorem 4-2 For p: H G, let TTp : Pp Z{= T/H) be the associated T- 
irreduciblc G-bundle. Then Autr.G{Pp)z = Cg{p) and Autf (Z) ^ H\NP{H). 
Thus, the group of T-G automorphisms of Pp fits into the following exact 
sequence: 

(4-2) 1 ^ Gg{p) ^ Autr.G(Pp) ^ H\NP{H) ^ 1. 

Let po = [1,1] G Pp. For any g' G Gg{p), the corresponding F-G automor- 
phism ifg' of Pp is given by (pg'{upog) = upog' ^g for any u G F and g E G. 

Proof First note that when g' G C{p), we have Pp^g'-i = g'Pp„g'~^ = Ppg, 
where pp^ = p. Hence by Proposition 3-4, the map fg' given above is indeed a 
F-equivariant G-bundle isomorphism inducing the identity map on the base Z. 
This gives us a map C{p) — > Autr-G(^p)z- This can be easily checked to be an 
injective homomorphism directly from the definition of (pg/ . To see that this is 
a surjective map, let (f : Pp Pp he a F-equivariant G-bundle automorphism 
of Pp inducing the identity map on Z . Then (f{po) is a point in the same fibre. 
So <p{po) = Po9'~ for some unique g' G G. By Proposition 3-4, we must have 
Ppo — Ppog'~^ ■ (3-5), this means that g'ppg{h)g' ^ = Ppo{h) for any h & H . 
Thus, g' G C{p). This proves that C{p) = Antr-GiPp)z- 

Let zo = [H] G T/H. Recall that the isomorphism $ : H\NriH) ^ Autr(2') 
is given by ^{Hu')(uzo) = uu'~^zq. If u' G N^{H), then by definition (4-1) 
there exists g' & G such that p{u'~^hu') = g'~^ p{h)g' for any h E H . This 
means pp^, = Pu'-^p^g' by (3-5), where po = [1)1] ^ Pp- Then by Proposition 
3-4, there exists a unique F-equivariant G-bundle isomorphism (p : P — > P 
such that ip{upog) = u{u' ^pog')g for w G F and g & G. The induced F- 
map on the base Z is Tp^uzo) = uu' ^zq. Thus, any element in the image of 
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the subgroup H\Nf{H) under $ lifts to a F-G-map of P. There are 
many choices of such lifts. Thus by restriction, we have a well defined injective 
homomorphism : H\N^{H) — > Autp (Z) . To see that this map is surjective, 
let If : Z — > Z he a F-equivariant isomorphism induced from a F-G map 
if : Pp Pp. Suppose (p{po) = u'~^pQg' for some u' £ T and g' G G. 
Then the F-map ^ on Z is given by Tp[uzo) = uu'~^Zq. By Proposition 3-4, 
Pvo — Pu'-^pog'- This means p{u' ^hu') = g' ^ p{h)g' for all h £ H by (3-5). 
This in turn means that u' G N^{H) by (4-1). Hence we have Ip = ^'{Hu'), 
and this shows that is surjective. Thus is an isomorphism of groups. 
This completes the proof. □ 

We give another description of Autp(Z). Recall that given a F-equivariant 
G-bundle n : P — > Z , we have a section Sp of the bundle (3-8) over Z . Let 
Dp{Z) be the set of all F -automorphisms of Z which leaves Sp invariant: 

(4-3) Dp{Z) = {t : Z — > Z \ t is F-equivariant bijection and Sp o t = Sp}. 

We show that any element in Dp{Z) extends to a F-equivariant G-bundle map 
of P . For the next proposition, we do not have to assume that Z is a transitive 
F-set. 

Proposition 4-3 Let tt : P — > Z be a F-equivariant G-principal bundle 
over a (not necessarily transitive) F -set Z . With the above notations, we have 
Autf (Z) = Dp{Z). 

Proof Let (p : P — > P be a F-equivariant G-bundle automorphism. We show 
that the induced map Tp on the base is in Dp{Z) . Since ^ is a F-map, for any 
p & P, isotropy subgroups at 7r((/?(p)) and 7r(p) are the same. By Proposition 
3-4 we have p<^(p) = pp. Now, Sp o^(7r(p)) = [p,p(p)] = [pp] = Sp{7r{p)) for any 
p e P. Thus Sp = Sp, and Ip G Dp{Z). This proves Autf (Z) C -Dp(Z). 

For the other direction of inclusion, let r : Z — > Z be a F-map such that 
Sp o r = Sp. Let Z = Zg be the F-orbit decomposition of Z, and let the 
corresponding decomposition of F-G bundles be (P — > Z) = IJ^(P{ — > Zj). 
The F-map r permutes orbits of the same type. We pick any point z G Z, 
say, z G Z^. Let t{z) = G Z^i . Thus isotropy subgroups at z and z' 
are the same, say H . Since Sp o t{z) = Sp{z)., for any points p G 7r~^(2:) 
and p' G 'k~^{z') we have [pp\ = [pp/] in Hom(iJ, G)/G. Thus there exists 
g G G such that pp' = gppg~^ . By (3-5), letting p" = p'g we have pp" = pp. 
Hence by Proposition 3-4, there exists a unique F-cquivariant G-bundlc map 
ip^ : P^ ^ P^> such that p^(p) = p" . Since the induced F-map on the base 
is such that '^^{z) = 7r(p") = z' = t{z) and both Z^ and Z^i are transitive 
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F-sets, we have Tp^ = t\z^ '■ — > Z^i . We repeat this construction for the 
remaining 's, and we get a T-equivariant G-bundle map ip : P P hfting 
r. Hence r G Autp(Z). This completes the proof. □ 



Next we give an alternate description of the structure of the group Autr-G(-fp) 
when the base set of P is a transitive F-set. This description is more direct 
than the one in Theorem 4-2. We take the point of view that {u,g) G F x G 
acts on p € Pp from the right by p ■ {u,g) = u~^pg. The isotropy subgroup 
at po = [1, 1] G Pp is {{h,p{h)) \ h e H} = H , so that as a right F x G-set, 
Pp ^ H\{T X G) using right cosets. 

By Proposition 3-4, we have a bijcction Pp D {p G Pp | Pp = p} ^ Autp-c (Pp) 
as sets. When p = u~^pog, by (3-5) we have Pp{h) = p(uhu~^)g for all 
h e H . We consider a subset Tp of N-p{H) x G C T x G consisting of pairs 
{u,g) such that the corresponding point p = u~^pog has the property that 
Pp = p. Namely, let 

(4-4) Tp = {{u,g) G N^{H) x G \ g'^ p{uhu-^)g = p{h), for ah h G H}. 

Prom this definition, we see that if {u,g) G Tp, then it follows that u G N^{H), 
in view of its definition (4-1). We can easily check that Tp is a subgroup of 
N^{H) X G. 

Another way to look at Tp is as follows. Let {u,g) G Nr{H) x G act from 
the right on an element / G Hom(i?, G) by [/ • {u,g)]{h) = g~^ f{uhu~^)g for 
h E H. Then, Tp C N-p{H) x G is the isotropy subgroup at p. This makes it 
clear that Tp is indeed a subgroup. 

We have the following diagram: 



r X G p 



P 



Tp {peP\Pp = p} — Autr-G (Pp) 

H\ as sets 

where all vertical maps are inclusions. This shows that H\Tp = Autr-G(Pp) as 
sets. The correspondence is the following one. For (u, g) ETp, it corresponds to 
a point u~^pog G Pp. This point corresponds to a F-equivariant G-bundlc au- 
tomorphism ^P(u,g) of Pp characterized by ip(u,g){po) = u~^Pog by Proposition 
3-4. In fact, this bijective correspondence is as groups. 
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Theorem 4-4 Let an injective homomorphism l : H — > Tp be given by 
i{h) = {h, p{h)^ for h € H. Then, Imi is a normal subgroup of Tp, and the 
group of T -equivariant G-bundle automorphism of Pp fits into the following 
exact sequence of groups: 

(4-5) i^H^Tp^ Autr-ciPp) ^ 1- 

Here, for {u,g) G Tp, its image j(^{u,g)) = ^(u,g) Is a T -cquivariant G-bundle 
automorphism of Pp given by g) ([f , fc]) = [vu~^,gk] for any v E T and 
k € G . In particular, H\Tp = Autr-G(-fp) as groups. 

Proof For the first part, for any h € H and any {u,g) €Tp, we have 

{u,g){h,p{h)){u,g)~^ = {uhu~^ , gp{h)g~'^) = {uhu~'^ , p{uhu~'^)) , 

where the second equahty holds because {u,g) € Tp. Since u G Nr{H), we 
have uhu~^ G H. This proves that the isomorphic image of H under l in Tp 
is a normal subgroup. 

For the second part, it is straightforward to check that the map j described 
above is a homomorphism witli kernel i{H) . Since the bijective correspondence 
H\Tp = Autr-G(-fp) described earlier is precisely the one induced by j above, 
this correspondence is an isomorphism of groups. This completes the proof. □ 

We also have a related exact sequence involving Tp . Almost by definition (4-4) , 
wc have Tp C N{!.{H) x G. Projection to N^{H) is onto by definition (4-1), 
and we have the following exact sequence of groups: 

(4-6) 1 Cg{p) Tp NC.{H) 1. 

Dividing by the left action by iJ, we recover (4-2). Here, note that H r\C{p) 
is trivial in Tp . 

Theorem 4-2 and Theorem 4-4 deal with the group of F -equivariant G-bundle 
automorphisms of a F-irreducible G-bundle Pp. Next we describe the F-G- 
automorphism group of a general F-equivariant G-bundle tt : P — > Z , where 
the base set Z is not necessarily a transitive F-set, nor a finite F-set. Any such 
bundle decomposes into a disjoint union of F-irreducible G -bundles, and these 
irreducible bundles arc classified by Theorem 3-6. For each conjugacy class [H] 
of subgroups of F , and for each conjugacy class [p] G Hom(i7, G) / (A'^r (H) x G) , 
let r{H, p) be the number of isomorphic copies of Pp = Fx^G ^ T/H appearing 
in the decomposition of tt : P ^ Let P[H, p\ be the sub-bundle of P of type 
{[H], [p\). Thus P[H,p\ is isomorphic to a disjoint union of r{H,p) copies of 
TTp : Pp — > T/H . If {[H], [p]) 7^ {[H'], [/?']), then there are no F-G isomorphisms 
between P[H,p] and P[H',p']. Furthermore, it is elementary that 

Autr.G{P[H,p]) = AutT.G{Pp)ier{H,p)- 

Combining these results, we finally obtain the structure theorem for Autr-G(-P) ■ 
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Theorem 4-5 (Structure ofT-G automorphism groups and centralizers) Let 
TT : P — > Z be a T -equivariant G -principal bundle over a T-set Z . Let r(H,p) 
be the number of isomorphic copies of Pp = F XpG —>■ T/H appearing in the 
irreducible decomposition of P ^ Z . Then, 

(4-7) Autr.G(^') = llllAntr.G{Pp)l6r(H,p), 

[H] [p] 

where [H] runs over all conjugacy classes of subgroups ofF, and for a given [H] , 
[p] runs over the set }iom{H , G) / {Nr (H) x G). The structure of Autr-clPp) 
is described in Theorem 4-2 and Theorem 4-4. 

For a given homomorphism 9 : F — > Gl&n, let ir : P — > Z be a F-G bundle 
whose isomorphism class corresponds to [9] under the correspondence (3-4). 
Then the centralizer Cg„ {9) is isomorphic to Autp-c (P) given in (4-7) . 

5 Generating functions of orbifold Euler character- 
istics of symmetric products: exponential formulae 

In this section, we let G be a finite group and let M be a G-manifold. Let 

^{M; G) be an arbitrary multiplicative orbifold invariant of (M; G) . Let F 
be an arbitrary group. We are interested in calculating the generating func- 
tion X^„>o (Z"V5r(Af"; G„) of the F -extended orbifold invariant of symmetric 
products of an orbifold. Here G„ = Gl&n is a wreath product and 

(5-1) <^r(M";G„) = ^v^((M")W;CGje)). 

[0]€Hom(r,G„)/G„ 

Let 9 -.F — > Gn = Gl&n be a homomorphism. Calculating the above invariant 
involves identifying fixed point subset (M")^^^ , and calculating the centralizer 
Cg„{9) together with its action on the fixed point subset. These tasks can be 
done geometrically using F-equivariant G-principal bundles. 

Given 9 as above, let TTg : P ^ n be a F-equivariant G-bundle over a set 
n = {1, 2, . . . , n} equipped with a section : n — > P such that the natural 
action 9p of F on P corresponds to 9 through the G-bundlc trivialization 
s : n X G —>■ P induced by 8$. Note that the F-action on n comes from 9 
via the composition with a projection F Gl&n &n = Aut(n). Such 
a F-G bundle ttq : P ^ to. together with section sq was constructed in the 
proof of Theorem 3-1 in two different ways. Let S[P Xq M] be the set of 
sections of the fibre bundle t^m : P Xq M — > n. This set can be identified with 
the set of G-equivariant maps a G MapG(P, M) satisfying a{pg) = g~^Oi{p) 
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for all (/ G G and p (z P . A G-automorphism (p G Aiit(3(P) acts on a G 
MapG(P,M) by v?(a) = {ip-^)*{a) = a o cp-^ Thus, through Op, ueT acts 
on MapciP, M) = S[P Xq M] as 6p{u~^)* . On the other hand, we have an 

identification MapG(n x G,M) — >■ M" by evaluation at 1 G G. Since u G F 
acts on n X G as 9{u), the action of G F on MapG(n x G,M) = is 
given by 9{u~^)* . As we remarked earlier after Lemma 3-3, this action of F on 
is precisely the one given in (3-2). Since s : P — > n x G is F-equivariant 
with respect to dp and 9, we see that the F action on S[P Xq M] corresponds 
precisely to the F action on M". The situation can be summarized by the 
following diagrams. 

S[P Xg M] ^ MapG(-P, M) = > MapG(P, M) ^ S[P XgM] 

ep{u-^)' 

^ Mapcfn x G, M) = > Mapcfn x G, M) ^ Af^ 

e(«-i)*=u- 

Here, horizontal arrows denote actions of u G F. Prom this, the first part of 
the next proposition is clear. 

Proposition 5-1 Let 9 : T Gl&n be a homomorphism. Let vr : P — > Z 
be a F-equivariant G -principal bundle whose isomorphism class corresponds to 
the conjugacy class [9] . Then we have (M")<^> ^S[PxGMf , where the right 
hand side is the set of F -fixed sections. 

Let TTp : Pp = T Xp G —> V/H be an irreducible T-G-bundle. Then we have 
S[Pp XcMf ^ M<pK 

Proof We only have to prove the second part. Any section of Pp x^M T/H 

is represented by a G-equivariant map a : Pp — > M satisfying a{pg) = g~^a{p) 
for all p £ Pp and g £ G. This section is F-invariant if a{u~^p) = a{p) for all 
u eV and p £ Pp. Since F acts transitively on the base T/H , such a F-invariant 
G-equivariant map a is uniquely determined by its value at po = [1.1] £ Pp. 
This value a{po) G M cannot be any point in M . For any h £ H (Z T , using 
F-invariance of a, we must have a{po) = a{hpo) = a{pop{h)) = p{h)~^a{po) . 
Thus, a{po) must belong to -invariant subset of M. This gives us an 
injective map S[Pp Xq Mf M<^> . 

To see that this map is surjective, let x G M^^^ be any (p) -fixed point in M . 
Let a F-invariant G-equivariant map : Pp — > M be defined by a formula 
ax{u~^Pog) = g~^x for all u £ F and g £ G. To see that this well defined, 
let Ui^pogi = U2^Pog2- Then there exists a unique h £ H such that U2 = hui 
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and (72 = p{h)gi- Then g2^x = g^^ p{h)~^x = gi^x, since x G M^^K This 
proves that is well defined and the above correspondence is a bijection. This 
completes the proof. □ 



Prom this proposition, the next corollary is straightforward. 



Corollary 5-2 Let r(H,p) be the number of isomorphic copies of np : Pp ^ 
T/H appearing in the irreducible decomposition of a T -equivariant G -principal 
bundle tt : P ^ Z . Then 

(5-2) S[P XG Mf ^ niK^^'T™- 

[H] [p] 

Furthermore, the action of Autr-G(-P) on the above set respects [H] - [p] product 
decomposition described in (4-7) . 



Proof Let [P — ^ ^] = U U U i-^p — *■ ^/i?] be the irreducible decomposition 

[H] [p] 

of P — > Z. Since the F-action respects the decomposition of P — > Z into 
irreducible bundles, we have 

r(H,p) 

S[P xcMf ^HHH S[Pp XG Mf. 

[H] [p] 

Prom the second part of Proposition 5-1, the isomorphism (5-2) follows. 

Since there are no T-G isomorphisms between Pp — > T/H and Pp' — > T/H' if 
{[H], [p]) / {[H'], [p']) by Classification Theorem 3-6, the action of the T-G au- 
tomorphism group Autr-G(-P) respects decomposition. This completes 
the proof. □ 



Next we describe the action of Autr-G(Pp) on M'^pK By Theorem 4-4, an 
arbitrary element in Autr-G(Pp) is of the form ip(u,g) ^01 some {u,g) G Tp. 
This pair {u,g) is unique up to the left action by iJ, in view of Theorem 4-4. 

Proposition 5-3 The left action of (p(u,g) e Autr-G(-Pp) on x E M^p'> = 
S[PpXGMf is given by <P{u,g){x) = gx. 
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Proof By definition, the left action of (/? G Autr-G(-Pp) on a G MapciPp, M) = 
«5[-Pp Xg M] is given by the composition ip{a) = ao (p~^ . For any x G M^f'^ , 
let ax Pp M he the T -invariant G-equivariant map such that ax{po) = x. 
When ((/,,(/) G Tp, wc have g~^p{uhu~^)g = p{h) for any h G H. Since 
u G Nr{H), wc have uhu~^ G i/. Since the correspondence MapG(Pp,M) = 
jVf (p> ig given by evaluation at po G Pp, we evaluate </'(u,g) (cKa;) = «x o 
at po- Here T-G map is characterized by ^[u,g){Po) = u~^pog. Thus 

'^C"^g)(^'o) = upo9~^- Now, o v3-^^^(po) = Q;a;(upo5"^) = 90ix{Po) = Qx. 
Hence the action of ^{u,g) on x is given by ip(^u,g){x) = gx. Indeed, gx G M^f^ 
because for any h G H, p{h){gx) = g(^g~^ p{h)g)x = gp{u~^hu)x = gx, since 
X G M^^^ . This completes the proof. □ 

Note that when (u,g) G Tp, the element 3 G G is not necessarily in C(p), 
rather it is in the normalizer A^g(p(iJ)) , which can be seen from the definition 
(4-4) of Tp. In general, the subgroup {(7 G G | (n, g) G Tp} is a proper subgroup 
of Nq(^p{H)^ . The last part of the above proof says that Nq(^p(H)^ acts on 
the (/>) -fixed point subset M^^^ . 

We now calculate the generating function of the invariants ipr{M"-;Gn) given 
in (5-1) for n > 0. An actual explicit concise formula depends on individual 
properties of cp. However, the next formula applies to any (p. 

Proposition 5-4 Let ip{M; G) he a multiplicative orbifold invariant of a G- 
manifold M. Then 

(5-3) ^c/>r(M";G26„) = HII [j2l^^^''^MiM^'^y-^-^^^T-G{Pp)ier)], 

n>0 [H] [p] r>0 

where [H] runs over the set of all the conjugacy classes of subgroups ofV, and 
for each given [H], [p] runs over the set }lora{H,G)/{Nr{H) x G). 

Proof First, we rewrite the right hand side of (5-1) in terms of F-equivariant 
G-bundles. By Theorem 3-1, each conjugacy class [9] G Hom(r,G„)/Gn corre- 
sponds to an isomorphism class of F-equivariant G-principal bundle P over a 
F-set Z of order n. Furthermore, using Lemma 4-1, Theorem 4-5, Proposition 
5-1, and Corollary 5-2, we have 

99p(M";G„) =Y,H^[P Xg Mf;Autr-GiP)) 

[P] 

\Z\=n 

= E nn^((^^'^r^''''^;Autr-G(Pp)^6K^,p)), 

{riH,p)}lH] [p] 
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where the second summation is over aU possible sets of non-negative integers 
{r(iJ, [p] such that [p] |r/i/|r(if, p) = n. Taking the summation 

over all n > 0, we have 

5;g>r(M-;G0 =Y1 nn«"^^'"'^^''''V((M^''>)'-(^''');Autr.G(Pp);©KH,p)) 

n>0 r{H,p)>0 [H] [p] 

=nn [E^"^'">((^^^'^)"Autr-G(Pp)^eo" . 

[H] [p] r>0 

This completes the proof. □ 



Recall that we have two kinds of orbifold Euler characteristics given in (1-3). 
We apply formula (5-3) with (p{M;G) = Xr^'^(-M'; G) , for various F arising as 
fundamental groups of real 2-dimensional surfaces which are orientable or non- 
oricntablc, compact or non-compact. In the next section, we apply formula 
(5-3) to Xr{M;G) [Theorem 6-3]. We will see that these formulae are closely 
related but very different. 



Theorem 5-5 Let G be a Rnite group, and let M be a G -manifold. For any 
group r , we have 

(5-4) I^'X^^M-; Gien) = exp [£ ^{ (M; G)}] , 

n>0 r>l H 

\r/H\=r 

where the second summation on the right hand side runs over all index r sub- 
groups of r . 



Proof We apply formula (5-3) with if = x°^^- By definition of x°'''^(M; G) in 
(1-3), we have 

n>0 [H] [p] r>0 

ir/mr x{M^'^r 

\AvAv.G{Pp)Yr\ 



nn E' 

[H] [p] ^r>Q 



nn-P 

[H] [p] 



,\m\. 



x(M<p)) 

|Autr-G(^'p 



exp 



^r>l [H] [p] 

\m\=r 



x(M<^); 



|Autr-G(i'p 
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In the last formula, [H] runs over all conjugacy classes of index r subgroups of 
r, and for a given [H], [p] runs over the set }lom{H , G) / {Nr (H) x G). 

Since the centralizer C{p) is the isotropy subgroup of the conjugation action 
by G on Hom(i?, G) at p, we have #(/o) • \C{p)\ = \G\, where (p) is the G- 
conjugacy class of p. Similarly, since N^(H)/H is the isotropy subgroup of the 
Nr{H)/ H -action on the set of G-conjugacy classes Hom(iJ, G)/G at (p), the 
length of the iVr(/f)/i?-orbit through (p) is \Nr{H)/N^ {H)\. Now we continue 
our calculation. By Theorem 4-2, |Autr-G(-Pp)| = \C{p)\\N^{H)/H\. Thus, for 
a fixed [H] , we have 

^ |Autr.G(Pp)| ^ \G{p)\\N?{H)/H\ ^ \Nr{H)/H\ \C {p)\\N? {H) / H\ 
|iV,(i7)/i7| A. \c{p)\ \N,{H)/H\2-^#{p).\C{p)\ 



(p) 



\N,{H)/H\\G\^-' ' mH)/H[ 

Here, [p] runs over the set Hom(i/, G) /(-/Vr (-ff) x H) , (p) runs over the set of G- 
conjugacy classes Hom(i7, G)/G, and p runs over the set of all homomorphisms 
Hom(i?, G). The last equality is due to formula (2-4). 

We convert the summation over the conjugacy classes [H] of index r subgroups 
to a summation over index r subgroups H . Since there are \r/Nr{H)\ elements 
in the F -conjugacy class [H] , 

\r/H\=r \m\=r 

\m\=r \m\=r 

This completes the proof of formula (5-4). □ 

The above formula implies that to calculate the orbifold Euler characteristic 
X°'^^{M^^;Gl6n) of the n-fold symmetric product of an orbifold, we need to 
know x'h^^{M; G) for every subgroup iJ of F whose index is at most n. 

We specialize this formula. Letting M = pt , we obtain the following combina- 
torial formula: 



\m\=r 



ra>0 ' ' '-r>l H 
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This formula can be used to compute the number of homomorphisms into 
wreath products. 

Next, we let G be a trivial group in (5-4). Then wc get 

n>0 r>l 

where Jr(r) is the number of index r subgroups of T . This formula shows that 
when M varies, xT^i^""! ©n) depends only on the Euler characteristic xi^)- 
Further specializing this formula to the case M = pt, we get a well-known 
combinatorial formula [15, p. 76]: 

,5.7) 5;,~&^^ = exp[i:fi.{r) 

n>0 r>l 

A related combinatorial formula can be found in physics literature in the context 
of partition functions of permutation orbifolds [1]. 

We apply formula (5-4) to various groups F to deduce numerous consequences. 

(1) Higher order (p-primary) orbifold Euler characteristic 

These are orbifold Euler characteristics associated to F = Z*^ or F = , where 
Zp is the ring of p-adic integers. The case F = Z'^ corresponds to the case 
in which the manifold E is a d-dimensional torus T'^ in our consideration of 
twisted sectors (2-11) and (2-12). 

We need to know the number jr(r) of index r subgroups for these groups 
F. This is well known, and we discussed these numbers in our previous paper 
[17, Lemma 4-4, Lemma 5-5]. 

Lemma 5-6 (1) For any r > 1 and d> 1, we have 

jV(Z^)=^r2ri--T^-S and jV(Z^) = ^ m • j„(Z'^-i). 

rir2---rd=r rn\r 

(2) For any r > and d > 1, we have 



One of the main results in [17] was the inductive calculation of the generating 
function of Xr(M'^;G?6„) for F = Z^,Z^. (See Theorem 6-5.) Now with 
our general formula (5-4), the proof of the formula of generating functions for 
{Xr^{M'';Gien)}n>o with F = Z'^,Z^ is a straightforward corollary. Note 
that our proof of (5-4) was by a direct proof, not inductive proof. 
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Theorem 5-7 Let G be a Gnite group and let M be a G -manifold. For d>l, 



1-q 



X°?(M;G) 



(5-8) 



n>0 



^g"Xz?(M";G?6j = [[[{1 - q^' )-'-'^^^"' 



d-i,nX°?(M;G) 



n>0 



r>0 



Proof First note that for any r > 1 , every index r subgroup of Z*^ is isomor- 
phic to Tj'^ , and any subgroup of has index a power of p and any index p'^ 
subgroup of Zp is again isomorphic to Z^. Thus, by (5-4), 

J2 5"Xz5^^"; Gl&n) = exp ^jr{Z'')x:^{M; G) 

,x:^(M;G) 



n>0 



r>l 



For the remaining part, using the inductive formula in Lemma 5-6, we have 



exp 



r>l 



r>l m\r 



i 



= exp[5]i„(Z''-i)(^ 

m>l €>1 " m>l 

Similarly for the p-adic case. This completes the proof. 



^"l^-Jm(Z'*"^) 



The d = case in the above is elementary, and the formula was given in (2-10). 
(ii) Higher genus orbifold Euler characteristic (orientable case) 

Let Sg+i be a real 2-dimensional closed orientable genus g + 1 surface. Its 
fundamental group is the surface group Lg+i described in (1-7). By covering 
space theory, conjugacy classes of index r subgroups of F^+i are in 1 : 1 cor- 
respondence with the isomorphism classes of r-fold covering spaces over S^+i . 
By Hurwitz's Theorem, or by a simple argument using Euler characteristic, we 
see that any such r-fold covering space of ^g+i is a closed orientable surface 
of genus rg + 1. Hence any index r subgroup of Fg+i is always isomorphic 
to r^g+i , although they may sit inside of the group Fg+i differently, and their 
conjugacy classes can be different. A direct application of Theorem 5-5 gives 
the next theorem. 
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Theorem 5-8 Let g > 0. The generating function of the genus g + 1 orbifold 
Euler characteristic of the n-th symmetric orbifold is given by 

(5-9) J2 9"Xr;;,(M"; G26„) = exp[j] [t^^^or^^jM; G)}' . 

n>0 r>l 



The above formula requires that we know the numbers jV(rg+i) for g > 0- 
By letting M = pt, we get the first combinatorial formula in (1-14). Further 
letting G be trivial, we get 



n>0 r>l 



The left hand side was given in (1-15) in terms of the character theory of 
Thus, jr(Pg^i) is, in principle, calculable. 



(iii) Orbifold Euler characteristic associated to free groups 



Let r = Fg^i be a free group generated by s + 1 elements, s > 0. Any index 
r subgroup is isomorphic to Fr-s+i > a free group with rs + 1 generators. This 
can be most easily seen geometrically using covering spaces, as follows. Let 
^ be a torus with s disjointly embedded discs removed with s > 1. Then 
7ri(5) = -Fs+i- Any conjugacy class of an index r subgroup corresponds to 
an isomorphism class of an r-fold covering space 5* which is a torus with rs 
disjointly embedded discs removed. Hence 7ri(S') = Frs+i- Thus, any index r 
subgroup of -Fs+i is again a free group isomorphic to -F^s+i . Note that any 
two index r subgroups of -Fg+i are not necessarily conjugate to each other, 
although they are abstractly isomorphic. Again applying Theorem 5-5 directly, 
we get 

Theorem 5-9 Let s>0. Then 

(5-11) Y.<l''xtjM-'Gien)=e^p[^{^-^^^^xt^^^^ 

n>0 r>l 



Now we let M = pt in the above formula. Since Hom(Fr, G) = G^ , we have a 
following combinatorial formula 

(5-12) ^g"(|G|"n!)^ =exp[^g^ -^"^^^^+'-' |G|'^^" . 

n>0 r>l ^ 
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How do we calculate jV(-Ps+i) , the number of index r subgroups of a free group 
Letting |G| = 1 in (5-12), we get a well known formula [15, p. 76] 



(5-13) ^g"(n!)^=exp[5^g'^ 



n>0 r>l 

This formula determines _7V-(-^s+i) from known quantities. Actually, the formu- 
lae (5-12) and (5-13) are easily seen to be equivalent. 

(iv) Higher genus orbifold Euler characteristic (non-orientable case) 

Let be a closed non-orientable (real 2-dimensional) surface of genus h + 2 

for h > 0. The fundamental group A/1+2 = is described by (1-9). 

We apply Theorem 5-5 with T = A/j_|_2 • Since A'^i = MP^ has fundamental 
group Z/2, this case directly follows from (5-4). Here we only consider non- 
orientable surface groups of genus 2 or greater. First we need to know more 
about subgroups of A/1+2 • We discuss this using covering spaces of A^/1+2 • 

For r > 1, by examining Euler characteristic, we can easily see that any r- 
fold connected covering space of Nh+2 is either non-orientable (= Nrh+2) or 
orientable (= Srh+i), and orientable covering spaces can occur only when r 
is even. We call subgroups of A/1+2 corresponding to connected orientable 
covering spaces orientable subgroups. Let jV-(-^/i+2)^ denote the number of 
index r orientable subgroups of A/i+2. Similarly, let jV(A/i+2)~ denote the 
number of index r non-orientable subgroups. The surface Nh+2 has a unique 
orientable double cover S/j+i , and any orientable cover of Nh+2 is a cover of 
S/i+i. This means that jodd(A/i+2)"^ = and j2r(A/i+2)"^ = jr{^h+i) for all 
r > 1 and /i > 0. Now we apply Theorem 5-5. 

Theorem 5-10 Let /i > 0. Then 

(5-14) ^g-xt^^(M^G^6„) = exp[^^>(A,+2)xC^,(M;G) 

+ E i^^+^HxTX,. G) - xt .+. (M; G) } 

Proof Theorem 5-5 implies that 
5^rt;'^(M";G?6„) 

«^p[E7{>(^''+2)+x?2,^,(^;G)+i-(^'^+2)"XA:'+.(^;G)} 

We only have to rewrite this formula using jV(A/i+2)~ = jV(A/i+2) — jV(A/i+2)''" , 
and a fact that jV(A/i+2)^ = j^iVh+i) when r is even and jr{^h+2)^ = 
when r is odd. □ 



n>0 
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How do we calculate the number jV(A;i+2)? We let M = pt and let G be a 
trivial group. Then the above formula reduces to 

n|Hom(A,,+2,6„)| \\r ■ t \ \ 

(5-15) ^ = exp -Jri^h+2) • 

n>0 ■ r>l 

By using the character theory of ©„, one can show that for all h> —1, 

|Hom(Afe+2,6n)| _ f n[ f 

^^'^^> n\ " ^ Idiml^J ■ 

[V]elrred(e„) 

The above two formulae determine jV(A;i+2)- The formula (5-16) is a special 
case of Kerber- Wagner Theorem [9]. Their formula for a general finite group 
G , instead of 6„ , is 

^^^^^^ - E &i^r^ 

where £2(x) is the Schur indicator defined by £2{x) = I^gec • 
well known that £2ix) = 1 if X is of ^'^al type, £2{x) = if X is of complex 
type, and £2ix) = ~1 if X is of quaternionic type. For details of this fact, see 
[2, p. 100]. It is well known that any representation of is of real type so that 
e{x) = 1 for any irreducible character % of 6„ . 

Remark The formulae (5-10) and (1-15), and formulae (5-15) and (5-16) are 
very similar. By comparing these formulae it is immediate that jri^h+i) = 
jr{^2h+2) for all r > 1 and h > 0. However, this does not necessarily mean that 
X°'^^j^{M; G) = x°A^ ^^{^^'^ G) . In fact, they are in general different, although in 
some cases they coincide. See (5-22) for an example of such a case. 

(v) Klein bottle orbifold Euler characteristic 

We specialize our formula (5-14) to /i = case. The corresponding non- 
orientable closed surface A^2 is the Klein bottle. By the remark above, we 
have jr(ri) = ir(^2) for all r > 1. Since by Theorem 5-6, jV(ri) = ir(^^) = 
'Ylt\r^ = o-i(r), the sum of positive divisors of r, the formula (5-14) reduces to 

n>0 

= [E7'^i(^)XAf ^) + E ^^i(0{Xrf G) - x°f (M; G)} . 

r>l r>l 

Rewriting exponentials in terms of infinite products as in the proof of Theorem 
5-7, we obtain 
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Theorem 5-11 Let G be a Gnite group and let M be a G -manifold. Then 
(5-18) 



n>0 r>l 



^Xri (M;G) 



mm) 

r>l ^ 



Letting M = pt, we obtain a combinatorial formula for the number of homo- 
morphisms from the fundamental group of a Klein bottle into a wreath product: 



1Q^ \-,n |Hom(A2,G'j6n)| 



ra>0 



•€>1 ^ 



l + q^\'\ ilHo"i(A2,G)|/|G| 



|G|"n! 

r-TT. l-||Hom(ri,G)|/|G| 
= [11(1 

Letting G be trivial in (5-18), we get 
(5-20) Yl 9"xr,'(M"; 6„) = [11(1 - q 

n>0 ^>1 

On the other hand, when d = 2 and G is trivial, formula (5-8) reduces to 

(5-21) \ ^ „n,,orb/ A/rn. ^ \_ 



-X(M) 



J^«^'(M";6„) = [n(l-0]' 



n>0 



Comparing the above two formula, we see that Xri^(^") ®n) = XA2^(-^"j ®n) 
for all n > 0, since Fi = Tl? . This is no coincidence. In general, using (5-6) 
and a fact that jr(rg+i) = Jr (-^29+2) for 5 > 0, r > 1 (see the remark at the 
end of (iv) in this section), we get 

(5-22) (^"; = E «"xa2+. (^"; ®")' 3> o- 



n>0 



n>0 



6 Orbifold invariants associated to F-sets and gen- 
erating functions: infinite product formulae 

In section 5, we calculated the generating function ^^^^ g"'(^r(Af"^; Gi©„) for 
ip{M]G) = x°'^'^(^; G) , where G is a finite group, M is a G-manifold, and 
r is any group. In this section, we investigate the generating function with 
(p{M;G) = xIm;G) = x{M/G). The latter orbifold Euler characteristic is 
more closely tied to geometry of G-action than the former. 

To describe the generating function X]„>o q^Xr{^^'i Gl&n) , we need to intro- 
duce a notion of generalized orbifold invariants associated to transitive F-sets. 
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Orbifold invariants associated to general F-sets will be described later in this 
section in (6-13). Let H C T he a subgroup of finite index. Then the cp- 
orbifold invariant associated to the F -isomorphism class of a F-transitive set 
r/H is defined by 

(6-1) V^[r/Kj(M;G) ='^^(M<'');Autr.G(i'p)), 

[p] eUoin{H,G)/{Nr (H) X G) 

where -Kp : Pp = T XpG — > V/H is a F-irreducible G-bundle, and Autr-G(-f*p) is 
the group of F-equivariant G-bundle automorphisms of Pp described in Theo- 
rem 4-2 and Theorem 4-4. 

When H = r, the conjugation on homomorphisms p : F — > G by A^r(r') = F is 

absorbed by the conjugation by G. Hence we have Hom(r, G)/(A'^r(r) x G) = 
Hom(F,G)/G. Also in this case, Autr-G(Pp) reduces to Cc{p)- see (4-2) for 
example. Hence (pir/r]iM;G) = ipr{M;G), recovering the F-extended orbifold 
invariant. 

When G is a trivial group {e}, p is the trivial homomorphism and Autr-G(^'p) 
reduces to the group of F -automorphisms of the F-set T/H , that is H\Nr{H) . 

Thus, if [r/H] 

(M; {e}) = (p{M; H\Nr{H)) , where H\Nr{H) acts trivially on M 
by Proposition 5-3. 

The above definition (6-1) may seem rather unusual, but it is the correct one. 
For example, the set over which [p] runs has already appeared in the classi- 
fication theorem of F-irreducible G-bundles in Theorem 3-6, and the above 
definition is closely related to this theorem. 

To explain the origin of the definition, we consider the map 

vr : Hom(F, G„)/G„ ^ Hom(F, ©„)/©„, 

induced by the projection map G„ — > ©„. Since the set Hom(F, ©„)/©„ can 
be regarded as the set of isomorphism classes of F-sets of order n, for any index 
n subgroup iJ of F, we may regard [T/H] G Hom(F, ©„)/©„. The meaning of 
iP[r/H] {M; G) is clarified by the next proposition. 

Proposition 6-1 For any subgroup H of index n in T, we have 

(6-2) ¥'[r/.,(M;G) = ^^((M") W; Gg„ (e)) , 

[e]e7r-Hir/H]) 

where tt : Hom(F, Gn)/Gn Hom(F, ©„)/©„ is the obvious map. 
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Proof Wc rewrite the quantity in the right hand side in terms of F-equivariant 
G-bundles. By Theorem 3-1, any element in 7r~^([r/ff]) is an isomorphism 
class of a F-irreducible G-bundle over the F-set T/H . By the Classification 
Theorem 3-6 this set is in 1:1 correspondence with Hom(iif , G)/(iVr (.ff ) x G), 
and the isomorphism class of the F-irreducible G-bundle corresponding to [6] G 
7r~^{[r/H]) is the isomorphism class of iTp : Pp — > T/H, where p : H — ^ G is 
constructed from 6 (see the proof of Theorem 3-1), essentially by restriction to 
the isotropy subgroup H CT. Using Lemma 4-1 and Proposition 5-1, we have 

^(^((M")<^) ; Cg„ {0)) = ^ ^(M<^) ; Autr.G(P,)) , 

[e]en-H[r/H]) [p] 

where [p] runs over the set }iom{H,G)/{Nr{H) x G). Then formula (6-1) 
completes the proof. □ 

Note that (/'[r/H] {M; G) is a partial sum of the summation defining ipr{M'^] Gn) 
in (5-1). The situation here will be clarified in (6-14) after we define <^[x](M; G) 
for general F-set X . 

We calculate an example of an orbifold invariant associated to a F-set. We 
denote an orbifold invariant Xi<^{^'tG) by x^'^^{M;G). This is the d-th order 
orbifold Euler characteristic of (M; G) discussed in [17]. 

Lemma 6-2 Let F he an abelian group, and let d > . Let (M; G) be as 
before. Then for any subgroup H of finite index in F, we have 

(6-3) X[;?^,(M;G) = \r/H\'' ■ x'^\M;G). 

In particular, X[r/H] {M; G) = Xh{M; G) , if F is abeUan. 

Proof Let p : H — > G. To calculate X[r/L](^i G) defined in (6-1), we need to 
understand the group Autr-G(-fp)- The group Tp given in (4-4) is, in our case, 
isomorphic to F x Cg{p) since F is abelian. Then, by Theorem 4-4 we have 
Autr.G{Pp) = H\Tp ^FXp C{p). Prom this, |Autr-G(^'p)| = \V/H\\C{p)\ and 

X^^,.,{M;G)=Y,X^'^\M<^)-TXpC{p))=Y, I Y,x[{M^'^)^^)), 
[p] [p] ' ' " ^'^^'^tZd+i^rxpCCp) 

where the last equality is due to (2-4) and (2-5), and [p] runs over the set 
Y{.oTa.[H , G) / G , where H is abelian. By Proposition 5-3, the image of the 
natural map i : F — > F Xp C(p) acts trivially on M'^p^ . Let {^i\i^Y/H C F be 
the representatives of of the coset T/H . Then F Xp C(p) = Uigr/H ''(7*)C'(/?) • 
Note that two elements i{'^i^)g\ and i{'ji2)92 in TXpC{p), where gi,g2 € C{p), 
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commute if and only if gi and 52 commute in C {p) . Thus the above summation 

becomes 

[p] ' ' " ^':Zd+i^C(p) [P] 

= |r///|'^xL''(M;G). 
Letting d = 0, we obtain the last statement. This completes the proof. □ 

Now we calculate the generating function X]„>o Q^Xri^^'-, Gl&n) ■ 

Theorem 6-3 Let G he a Rnite group and let M be a G -manifold. For any 
group r , we have 

-T.nr/H](M;G) 

Y,q"xAM^;Gi&n) = ll(^-ql 

(6-4) ">o 

where Xyvm{M-G) =E x{m'^'^ / ^^^r-G{Pp)) ■ 

[p]eHom(ff,G)/(iVj,(ff)xG) 

Here in the summation in the right hand side of the first identity, [H]r means 

that H runs over all the conjugacy classes of index r subgroups of T , and the 
action of Autr-G (Pp) on M'^p'i in the second formula is described in Proposition 
5-3. 

When r is an abelian group, ^ 
(6-5) 5;g'^Xr(M-;Gi6„) = n(l-9'')"'^ 

n>0 r>l 

where in the summation in the right hand side, Hj. means that H runs over all 
index r subgroups in T. 

Proof For (6-4), by Proposition 5-4 and Macdonald's formula (2-9), we have 

E5"Xr(M";G?6„) = nn[E'?"^^'"''x((^^'^)'';Autr-G(Pp)^eO" 

n>0 [H] [p] r>0 

= n n [E (5i"" (M<^> /Autr-G (/'p)) ) 

= JJ(l_g|r/^^l)-x(M<^>/Autr-G(Pp)) ^ JJ^l _ 
[H] [p] r>l 

where in the last summation [H]r runs over all the conjugacy classes of finite 
index in F, and [p] runs over the set Hom(iJ, G)/{Nr{H) x G) . Notice that the 
summation over [p] in the exponent in the last line exactly gives Xit/h] {M; G) . 
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When r is an abelian group, the formula (6-5) follows from (6-4) in view of 
Lemma 6-2 with d = 0. Since F is abelian, each subgroup H is its own 
conjugacy class [H] . This completes the proof. □ 

Note that in the corresponding formula for Xr'^^ given in (5-4), the summation 
there was over subgroups H rather than conjugacy classes [H] used in (6-4). 

Remark From the above proof, one might think that the concept of orbifold 
invariant associated to a finite F-set is just a convenient symbol representing 
a complicated summation given in the right hand side of (6-1). However, as 
we will see in section 7, this concept has a definitely natural geometric origin 
analogous to twisted sectors discussed in section 2. 

Letting M = pt or letting G be trivial, we immediately have the following 
corollary. 

Corollary 6-4 (1) For any group F and any Enite group G , wc have 
(6-6) J]g"|Hom(F,G„)/G„| = - ql ^"^^ 

n>0 r>l 

Furthermore, when F is abeUan, we may omit the term (H) from the above 
expression. 

(2) For any F and any manifold M , we have 

r -1 x{^) 

(6-7) j;g-Xr(M-;6„) = [H^^ " «')""''^^^J 

n>0 r>l 

where rtr(F) is the number of conjugacy classes of index r subgroups of F. 

The proof for (1) is straightforward. For (2), all we need to note is that when the 
group G is trivial, (6-1) gives that Xirm{M; {e}) = x{M;H\Nr{H)) = x(M), 
since the group H\Ny{H) acts trivially on M by Proposition 5-3. 

If wc further specialize (6-7) to the case M = pt or if we let G = {e} in (6-6), 
then we obtain the following well known formula [15, p. 76]: 

(6-6') ^g-|Hom(F,6„)/6„| = - qn-""^^^^ ■ 

n>0 r>l 

Recall that |Hom(F, ©„)/©„! = |Hom(F x Z,6„)|/n!. The above formula can 
be used to calculate the number of conjugacy classes of a given index in the 
orientablc surface group Fg+iof genus g + I, in the free group Fs+i on s -|- 1 
generators, and in the non-orientable surface group A/i_|_2 of genus h + 2. We 
discuss details in section 8, where a general formula to calculate (F) is proved. 

We apply Theorem 6-3 to various groups F to obtain various results. 
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(i) Higher order (p-primary) orbifold Euler characteristic of sym- 
metric orbifolds 

Suppose r = Z'' or for d>0. Then the corresponding F-extended orbifold 
Euler characteristic is what we call higher order (p-primary) orbifold Euler 
characteristic denoted by x'''^-^;^) xl^'^^'^G) , respectively, in [17]. Since 
any index r subgroup H of Z'' is isomorphic to Z'^ for any r > 1 , we get the fol- 
lowing theorem as a direct consequence of Theorem 6-3 for abelian F. Similarly 
for the case F = Z^. In [17], the same theorem was proved by induction. 

Theorem 6-5 For any d>0, we have 



n>0 'r>l 



(6-8) 



n>0 r>0 



Proof All we need to note is that since F = Z*^ is abelian, we can apply 
formula (6-5), and that the number u^i^'^) of conjugacy classes of index r 
subgroups of Z"^ is the same as the number jr(^'^) of index r subgroups. The 
corresponding statement for Z^ is also valid. □ 

(ii) Higher genus orbifold Euler characteristic of symmetric orbifolds 

A direct application of Theorem 6-3 to the case F = F^+i for > gives the 
following. 

Theorem 6-6 Let 5 > 0. Then, with [H]j. as before, 
(6-9) ^g"xr,^,(M";G!6J = n(l-/) '"'^ 

n>0 r>l 

Although all index r subgroups of F^+i are isomorphic to each other (= F^g+i ), 
they may not be conjugate to each other. This is why wc cannot be any more 
concrete than the above expression. In the formula (6-6) with F = Fg_|_i , 
normalizers of index r subgroups appear. The size of the normalizer Nrg_^.^{H) 
can be different for different [H] of the same index. Geometrically, the group 
N-p(H)/H is the group of deck transformations of the covering space S^g+i — > 
Sg_|_i corresponding to the conjugacy class of the index r subgroup H . Thus 
X[rg^^/H]{M; G) really depends on the conjugacy class [H]. 
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The summation in the exponent of the right hand side of (6-9) can be thought 
of as a summation over all isomorphism classes of index r covering spaces over 
Sg+i . See section 7 for details. 

A similar formula is valid when F is the fundamental group A/i_|_2 of non- 
orientable genus h + 2 closed surface, or a free group -Fg+i on s + 1 generators. 
We omit their explicit expressions here. Again, any further analysis requires 
information on normalizers of subgroups. 

(iii) Higher order higher genus orbifold Euler characteristic of sym- 
metric orbifolds 

We combine the previous two cases and consider the generating function for 
the invariant Xr\M; G) = Xz^xriM; G). This equality is due to (2-2). We also 
consider the case for xi^,r ■ 

Theorem 6-7 For any d>0 and any T, with [H](, as before, we have 



Y,(rx''r\M^-Gi&n)= n [(1 



(6-10) ''-'^ , Ex^Vi^^^^) 



n>0 r>0 

£>1 



m. 



n>0 



Proof By Proposition 5-4 and Theorem 6-5, we have 
Y.q'^x'f^M^-Gier,) = nn [E«"^^'"V'''((^^'^r;Autr.G(Pp)i6r) 

[H] [p] r>0 

=nn[n(i-''"''"")-"'"'']''"'""''*'°"''" 

[H] [p\ r>l 



[H] r>l 

=n[n(i-rt- 



here, for the third equality, we summed over [p] G Yiova.{H^G) / {Ny{H) x G), 
and for the fourth equality, we first summed over conjugacy classes of index £ 
subgroups of r. The case for Xp^r is similar. This completes the proof. □ 
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The generating functions of two types of orbifold Euler characteristics of sym- 
metric orbifolds given in Theorem 5-5 and Theorem 6-3 seem very different. 
But by (1-5), these two orbifold Euler characteristics are related by a simple 
formula xTxz(^'i^) — Xr{M;G). Thus we expect to get a nontrivial identity 
by comparing these two formulae of generating functions. We compare these 
two formulae for M = pt. The corresponding formulae are (5-5) and (6-6). 

Now, applying (2-6) to the wreath product Gn , we obtain 

|Hom(r X Z, Gr. 



\Gri 



= |Hom(r,G„)/G, 



This is the link between (5-5) and (6-6). By directly comparing the right hand 
sides of corresponding formulae, we obtain the identity: 
(6-11) ^ 

r nr r iT^r^rr^f K ^1 - ^ lHom(ff,G)/(iVr(i/)xG)| 



exp 



. 1^ \G\ / 

T>1 K ' ' r>l 

[rxZ:K]=r 



Expanding this identity, we see that the following proposition must hold. Al- 
though the identity (6-11) is its proof, we also give a group theoretic proof to 
show what kind of group theoretic ingredients are involved. 



Proposition 6-8 Let G be a Gnite group and let F be an arbitrary group. 
For any r > 1, we have 

(6-12) =Y^i{j2\BomiH,G)/iNr{H) x G)\}. 

lrxZ;K]=r ' ' i\r \H\ 

\VIH\=l 

When G is trivial, this formula reduces to a well-known formula jV(r x Z) = 

e\r 

Proof Let ^|r. For an index ^ subgroup H CT and z G Ny{H)/H , let 

K(H.z) = {{w,ra/e) G N^{H) x Z | w = in Ny{H)/H] C T x Z. 

Then K(^h,z) is a subgroup of index r in F x Z , and any index r subgroup of F x Z 
is of this form [16, p. 140]. Thus, index r subgroups of F x Z are parametrized by 
the pair (H, z) , where the index of H divides r and z is an arbitrary element in 
Nj^(H)/H . Let z G Nj.{H) be any element whose reduction mod Hisz. Then 
any element in K(^h,z) is of the form [z,r/lY ■ {h,0) G N-p{H) x Z for some 
unique a G Z and h E H. Now let ^ : — > G be a homomorphism. Let 
p = (I)\h : H G he its restriction. Let (j)[{z,r/£)) = g £ G. Since we have 
{z,r /£){h,0){z,r = {zhz~^,0) in , we have gp{h)g~^ = p{zhz~^) 

in G. This means that p^ , defined by p^{h) = p{zhz~^) for h e H, and p are 
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G- conjugate, which we denote by /O^ ~ p. Conversely, given any p : H — > G 
and any g & G satisfying a relation gp{h)g~^ = p^Qi) for any h £ H , we can 
define a homomorphism (p '■ K(h;i) —^Ghy (j)[{z^h,ra/ €)) = g'^ p{h) . Since 
for a given p : H — > G such that p^ ^ p, there are |C(yo)| choices oi g G 
satisfying gpg~^ = p^ , we see that \llom.{K(^H,z),G)\ = Yip \G{p)\, where the 
summation runs over all p : if — > G such that p^ ^ p. Hence, 

|Hom(i^(^-),G)| _ ^\C{p)\ _^\C{p)\ ^ 

^ \G\ 2^ 2^ \G\ 2^ \G\ ^ 



|g(p)l 

\G\ ' 

p:H->G ' ' p:H-^G ^ ' (p)eHom(i/,G)/G 



Here {p) denotes the G-conjugacy class of p. The third equality above is by 
definition of NP{H) in (4-1). On the other hand, |Hom(i/, G)/{Ny{H) x G)| is 
equal to the number of orbits under the Ny{H) -action on Hom(if, At 
{p) G Hom(if, G)/G, the isotropy subgroup of ATp (if) -action is N^{H). Thus, 

|Hom(ii,G)/(iVr(ii) x G)| = ^ l/|(p)-orbit| =Y,\mH) / NAH)\ 

{p)eUoin{H,G)/G {p)eUoin{H,G)/G 
(p)eUoui{H,G)/G zeN^{H)/H ' ' 

where |(/9)-orbit| denotes the length of the A'^p(ii) -orbit in Hom(ii, G)/G 
through {p). The last equality is by the above calculation. Since index r 
subgroups of r X Z arc parametrized by pairs [H, z) , where if is a subgroup 
of r whose index divides r and z G N^.{H) / H , wc have 

^ |Hom(ir, G)| ^ ^ |Hom(fC(g,^),G)| 

^ IGI ^ IGI 

[rxZ:J<r]=r ' ' e\r Hi zeN^{H)/H ' ' 

= E E #^|Hom(if, G)/(7Vr(if) x G)| 

(.\r Hi 



EE^|Hom(if,G)/(7Vr(if)xG)|. 

£\r lH]i 



This completes the proof. 



From the proof, it is clear that K(^jj j-^ is a semi-direct product if x Z, where 
Z C i^(//,^) is a subgroup generated by the element {z,r/£) € K^^^,-^) ■ 
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We next describe orbifold invariants associated to general F-sets. Let X be 
any F-set of order n. Then for any given multiplicative invariant f{M; G), we 
define the orbifold invariant associated to the F -isomorphism class [X] by 
(6-13) 

<^,,,(M;G)''=^'5] ^(5[PxGM]r;Autr-G(P)) = E <p((M")W; Cg„(^)), 
[p^x] [0]e7v-H[x]) 

where the first summation is over all isomorphism classes of F-equivariant G- 
principal bundles P over X, and tt : Hom(F, G„)/G„ — > Hom(F, ©„)/©„ is 
as before. When X is an empty set 0, we let Lp^{M]G) = 1. The second 
isomorphism is due to Theorem 3-1, Lemma 4-1 and Proposition 5-1. The 
details of the proof are similar to the proof of Proposition 6-1. Wc could define 
(^[r/H](M; G) by the above conceptual formula instead of (6-1), but (6-1) is more 
explicit. The geometric definition (6-13) in terms of F-equivariant G-principal 
bundles has an advantage in its simplicity. 

In view of Theorem 3-1 and (6-13), generating functions for ip^ and ip[x\ are 
related by 

(6-14) ^9>p(M";G?6„) = J]gi"V[x](M;G), 

ra>0 [X\ 

where on the right hand side, [X\ runs over the set of all the isomorphism 
classes of finite F-sets. 

Next we discuss multiplicativity of (p^x] (M; G) with respect to [X] . It is not true 
that wc have (p^x] (M ; G) = f[x^]{M ; G) ■ (^[^^j {M ; G) whenever X = XiY[X2. 
However, when Xi and X2 are "prime" to each other, namely when Xi and 
X2 do not contain the same F-transitive sets in common in their decomposition 
into F -orbits, the above multiplicativity is valid. 

Proposition 6-9 Let (p{M; G) be a multiplicative orbifold invariant for 
(M; G) . Let T be a group. For any finite T-set X , let X = U^jjfiH) ■ T/H be 
its decomposition into F -orbits, where r{H) is the number of T -orbits which 
are isomorphic to V/H . Then 

(6-15) <pyx^ (M; G) = n <^.(H)[r/H, (M; G). 

[H] 

Consequently, the generating function (6-14) decomposes into a product 
(6-16) ^ g>r(M"; Gl&n) = '?"^/'">.[r/H](M; G)}. 

n>0 [H] r>0 
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Furthermore, the generating function of (firir/H] {M; G) for r >0 is given by 
(6-17) ^(?V[P/,,(M;G) = n{E^X(^^'^)'; Autr-G(Pp)i6.)}, 

r>0 [p] r>0 

where [p] runs over the set llom{H,G)/{Nr{H) x G). 

Proof For any F-equivariant G-bundle P over X , let P}{ be the part of P 
above r{H)[T/H]. Then, using the multiphcativity of • ; • ), we have 

(^[xi(M; G) = J^'fiiSlP XG Mf;Autr.G{P)) 

= Y1 U^i^lPii XGMf;Autr.G{PH)) 

[P^X] [H] 

= n Y.'^i^^^H XG Mf;Autr.G{PH)) =ll^r,HnrmiM;G), 

[^1 [PH^r{H)-T/H] [H] 

where in the fourth expression, [Ph] rums over the set of all isomorphism classes 
of T-G bundles over the F-set r{H)[r/H] . The formula (6-16) follows from this. 

The proof of (6-17) is analogous to the argument in the proof of Proposition 
5-4, and goes as follows. For any F-equivariant G-bundle over U^T/H , let Vp be 
the number of F-irreducible G-bundle Pp — > T/H appearing in the irreducible 
decomposition of P, where [p] G }iom.{H,G)/{Nj.{H)xG). Then, decomposing 
F-equivariant G-bundles P ^ r ■ F/H according to [p] , we have 

^g>.,,/„,(M;G) =^g'- ^ llv{iM<P^y'';Autr.G{Pp)ier,) 

r>0 r>0 J2rp=r W 

[p] 

= Y.llq'^^ip{iM^P^y^;Autr.GiPp)l&r,) 

rp>0 [p] 

= n{E«>((^^'^r;A^tr-G(i'p)^©.)}- 

[p] r>0 

This completes the proof. □ 

Note that formulae (6-14), (6-16), and (6-17) essentially give a proof of Propo- 
sition 5-4, from the point of view of F-sets. 

Next we examine the case in which G is the trivial group. We have already 
discussed this case for a transitive F-set X . The proof of the following lemma 
is straightforward. 
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Lemma 6-10 With the same notations as above, suppose G = {e}, the trivial 
group. Then 

(6-18) ip,^,{M;{e})=llip{M-^"^;{H\N^{H))l&,^H)), 

where -ff \A^r (H) acts trivially on M . For the case of the orbifold Euler char- 
acteristic, we have 

(6-19) X[x,(M;{e}) = IIx{SP^^"\M)) . 

In particular, if X is a transitive T-set, then Xix]{M; {e}) = xi^)- 

7 Orbifold invariants associated to covering spaces 

Let S be a connected manifold and let M be a G-manifold where G is a finite 
group. In section 2, we considered a twisted space L,.^{M;G) defined by 

(7-1) Ls(M;G) = ]J [MapG(P, M)/AutG(P)] , 

[P] 

where [P] rims over the set of isomorphism classes of G-principal bundles over 
S, and Aut q{P) is the group of G-bundle automorphisms inducing the identity 
map on the base S . Let L = tti (S) . We defined the orbifold invariant associ- 
ated to a group r in (2-1) as the orbifold invariant of the subset of Ls(M;G) 
consisting of locally constant G-equivariant maps described in (2-14): 

(7-2) MM;G) = ¥.„,b(Ls(M;G)i.c.) v'(mW; G(0)) , 

[</>] eHom(r, G)/G 

where I.e. stands for "locally constant." 

We generalize the above construction of the twisted space Ls(M; G) associated 
to S to twisted spaces associated to finite covering spaces of S. Let vrj,,^^, : 
S' — > S be a (not necessarily connected) finite covering space of S. The idea 
of constructing twisted spaces in this new context is the same as before: we 
consider liftings of maps Map(S', M/G) to maps from G-principal bundles P 
over E' to M. So let vr : P — > T,' be a G-principal bundle over E' and 
consider the set Mapc (-P,M) of G-equivariant maps from P to M. Now the 
equivalence relation we introduce among these maps is different from the one 
in section 2. Given two G-maps 71 : Pi — > M and 72 : P2 — > M, 71 and 
72 are said to be equivalent in the present context if there exists a G-bundle 
isomorphism a : Pi ^ P2 inducing a deck transformation of S' over S such 
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that 72 o a = 71 . We call such a a G-bundle isomorphism over a covering 
space Ti'/T,. 

Let AutQ(P)x;'/s be the group of G-automorphisms of P over the covering 
space S/S. The set of equivalence classes denoted by hj.,^j,{M;G) is our new 
twisted space associated to the covering space S/E. Thus, 

(7-3) L5,,/s(M; G) =]J[Mapa{P, M)/Anta{Ph'/^] • 

[P-^E'/S] 

Here the disjoint union runs over the set of all G -bundle isomorphism classes 
over the covering space S/E in the above sense. We consider the subset of 
locally constant G-equivariant maps: 

(7-4) h^yAM; G),,, =]J[MapG(P, M),,,./AutG(P)s/s] • 

[P— >-S'/S] 

Here note that the group AutQ(P)s'/s still acts on the space Mapfj(P, M)j^ 
of locally constant G-equivariant maps. By definition, the orbifold invariant 
associated to a finite covering E' — > E is the (^-invariant of Lj,yj.(M; G)) ^ , 
viewed equivariantly rather than quotient: 
(7-5) 

if,^,,^, {M;G)= iporb (Le'/s (M; G)i.c. ) ='E^ (^^Pg ^)i.c. ; Aut^ (P)sys) • 

[P^S/S] 

We analyze quantities appearing in the above formula to prove the following 
theorem, which is the main result of this section. 

Theorem 7-1 Let tt^/^j, : E' — > T, be a finite {not necessarily connected) cover- 
ing space over a connected manifold E with a base point xq . Let F = tti (E, xq) • 
Let X = T,'^ be the fibre over xq € E , and let [X] be its isomorphism class as 
a T-set. Then, the orbifold invariant associated to the covering E/E defined in 
(7-5) is equal to the orbifold invariant associated to the isomorphism class of 
the T-set [X] defined in (6-13): 

(7-6) ^,^,,^,iM;G) = ip,,,iM;G). 

The invariant V'is'/s] (^i ^) multiplicative in the following sense. Let tti : 
T,[ — > E and 7^2 : Eg — > E be two coverings over E. Suppose T,[ and Eg do 
not contain any isomorphic connected coverings in common. Then 

(7-7) <^K^;uE^)/^i(M;G) = (^[^,/^j(M;G)(^(^,/^)(M;G). 
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Since any finite F-sct X can be a fibre of some finite covering space S' = 
T, Xy X — > E, where S is the universal covering space of E, the identity (7-6) 
gives a geometric meaning of orbifold invariants associated to F-sets in terms 
of covering spaces. The formula (7-7) corresponds to the formula (6-15) for 
orbifold invariants associated to F-sets. 

To prove Theorem 7-1, we first recall some basic facts on (universal) covering 
spaces. Let tt : S — > S be the universal covering space of S, and let xo € S 
be a base point. Let F = 7ri(S,xo) be the fundamental group of S. One 
convenient description of S is the following one: 

(7-8) 

S = {(x, [7]) I X G E and [7] is the homotopy class of a path 7 from x to xq}. 

We can introduce a suitable topology on S so that the projection map S — > T, 
is a covering map. In this description, the point (x, [7]) S S is the end point 
of the lift in S of 7"^ starting at the natural base point yo = {xq, [c^p]) of E, 
where c^^ is the constant path at Xq G E . The fundamental group F acts from 
the right on E as deck transformations by 

S X F ^ S 

((^,[7]),W)^(x,[7]M), 

where [77] G F. This action is well defined because 7 is a path from x to the 

base point xq and 77 is a loop at xq. Here, we regard E as a right F-principal 
bundle. This is the reason why we let F act on E on the right. On the other 
hand, the group F also acts on the fibre Fx„ = tt~^{xo) from the left by 

(7-10) , ^ ' 

iiv], {^0, [7])) ^ {xo, Ml])- 

Again, this is well defined because the path 7 is now a loop based at xq . Note 
that for a given y = (xq, [7]), the result of the action of [ij] on y, [rj] ■ y, is 
the end p^int of the lift in S of ?7~^ starting at y. Obviously, the left action 
of F on Fx„ , and the right action of F as deck transformations restricted to 
Fx„ , commute. In some literature, the action of F on the fibre is defined from 
the right. We decided to use the above left action in this paper to^make it 
explicit that the action of F on the fibre commutes with its action on S as deck 
transformations . 

The story is similar for any connected covering space tTs'/s : E' ^ E. Any 
such E' is isomorphic to a covering space of the form T,/H for some subgroup 
H CT , determined up to conjugacy, and can be described as E' = {(x, [7]-ff)} 
where x G E and [7] is the homotopy class of paths from x to the base point 
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xq. The point yo = {xo,H) G S' can be used as the natural base point of 
S' = T,/H . The group of deck transformations for the covering space S' — ^ E 
given by (jr(S'/S) = Ny{H)/H acts on E' from the right, and T acts on the 
fibre F^^^ = it~^^{xo) over xq from the left in the same way as for E: 

(111-) T.'x{N^{H)/H) .E' 

For any y G F-^g , the point [r/] ■ y G F-^g is obtained as the end point of the 
lift in E' of r/~^ starting at y G F^g . Similarly, given y = (a:;, Yl\H) G E', the 
result of the action of the deck transformation by {r]\H on y is the point y- [ri\H 
obtained as the end point of the lift in E' of 7"^ starting at [77] - yo = {xo, [ri\H) . 

If E' is not connected, the above facts apply to each connected component. 
Note that the intersection of a connected component of E' with the fibre F^^^ 
is a single F -orbit. 

Next we study basic properties of G-principal bundles over covering spaces. Let 
n' : P — > E' be a G-principal bundle over a not necessarily connected covering 
space E' over E . Let tt = tTe'/s o tt' : P — ^ E . This is a covering space over 
E on which G acts as a group of deck transformations. Let P^^ = 7r~^(xo) 
and E^j^ = 7r~,^^{x()) be fibres over xq. Then P^^ has the structure of a F- 
equivariant G-principal bundle over E^^ . It is easy to see that the bundle P 
is completely determined by its fibre Px^ , in the following way. 

Proposition 7-2 Let tt' : P — > E' he a G-principal bundle over a covering 
space T^^'ij^ : E' — >■ E, where E is a connected manifold with a base point xq. 
The the fibre Px^ has the structure of a T -cquivariant G-principal bundle over 
E^^ , and tt' : P — > E is determined by the T -equivariant G-bundlc structure 
of the hbre P^o — ^ ■ ^s, we have the following commutative diagram: 

S xr Pxo P 



G 



(7-12) ^^tKo —=77- 



E Xr {xq} 



Here the top horizontal map is a G-equivariant map sending [{x, [7]),^] to 
p' & P over X G E obtained as the end point of the lift in P of starting 
at p G P . The middle horizontal map is Nj.(H) / H -equivariant map sending 
[ix,[j]),ixo,[v]H)] to {x,[^MH). 
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Proof The proof is routine. So we only give a brief proof for the top horizontal 
map. First we check that this correspondence is well defined. For any [r]] G F, 
we consider two pairs ((x, [7] [ri]),p) and ((a;, [7]), [r]]p) in S x P^q , and compare 
the corresponding points in P given by the procedure described above. The 
point p' corresponding to the first pair is the end point of the lift in P of 
(77/)"^ = ?7~^7~^ starting at p. Since [rj] ■ p is the end point of the lift in P of 
r)~^ starting at p, the point p' is the same as the end point p" of the lift in P 
of 7~^ starting at [r/] - p. But p" is also the point corresponding to the second 
pair above. This proves that the top horizontal correspondence is well defined. 

For G-equivariance, the point corresponding to [{x, [7]),^] is the end point pi 
of the lift 7]"^ in P of 7"^ starting at p. Now the point corresponding to 
[(x, [7]),P5] for y G G is the end point p2 of the lift 7^^ of 7"^ starting at pg. 
Since both paths 7f ^ • 5 and 7^^ are lifts of 7"^ and have the same starting 
point, they must coincide. Hence their end points are the same points and we 
have p2 = Pig- Hence this correspondence is right G-equi variant. 

To see surjectivity, for any point p' G P over a; G E, we choose any path 7 
in P from p' to a point p in the fibre P^^ over xq. Let 7 be the path in S 
obtained by projecting 7 into S . So 7 is_a path from x to xq. Then p' € P is 
the point corresponding to [{x, [7]),^] G S Xp Pxo ■ 

For injectivity, suppose two points [{xi, [71]), Pi] and [(x2, [72]), P2] in 5] Xr-P^o 
correspond to the same point p' in P. We first note that Xi = tt{p') = X2- 
Next, let 71 and 7^ be lifts in P of 71,72 starting at the same point p' and 
ending at pi and p2 in Pr^^ , respectively. Then a path 7^^ -71 is the lift of a 
loop r] = 7;7^7i based at xq. So [71] = [72][??] and p2 = [ri] ■ pi- This implies 
that [{xi, [ji]),pi] = [{xi, [72]W),Pi] = [(3^2, [72]), [ri]-pi] = [{x2, [72]), ^2]- This 
proves injectivity. 

The proof for the middle horizontal map is similar. □ 

This proposition reduces the comparison of G-bundles over covering spaces to 
the comparison of fibres as F-equivariant G-bundles. 

Proposition 7-3 Let T,' — > S be a covering space over a connected manifold S 
with a base point Xq. Two G-principal bundles tt[ : Pi — > T,' and ttj : P2 — ^ 
are isomorphic as G-bundles over the covering space Ti'/Ti by an isomorphism 

a : Pi ^ P2 inducing a deck transformation of S/S if and only if its restriction 

to fibres a^^ ■ Pi,xo — ^ ^2,xo isomorphism as F-equivariant G-bundles 
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over the T-set S^^ . Thus, we have the following bijective correspondence: 

. ^ (Isomorphism classes of G-principal hundles\^ 
^ ' I^TT : P ^ S' over a covering space S/S J 

1:1 (Isomorphism classes of F-equi variant | 
onto G-principal bundles P^o ^ J 

In terms of isomorphisms, we have the following correspondences: 



(7-14) Isog(Pi, P2)sys ^ IsOr.G(^i 



1:1 



(7-15) AutG(P)s'/s ^ Autr.G(J'xo)- 



onto 



Proof The correspondence (7-15) is a special case of (7-14) with Pi = P2 • The 
correspondence (7-13) fohows immediately from (7-14) by checking whether the 
sets are empty or not. Thus it suffices to prove bijectivity of the correspondence 
in (7-14). 

Let a : Pi — > P2 be a G-bundle isomorphism over the covering space S/S. 
Since a is an isomorphism of covering spaces over E , it induces a F = tti (S) - 
isomorphism of fibres Pi,a;n ^-^d P2.X0 ■ Since a is also a fibre preserving G- 
equivariant map, the restriction a^^ : Pi,xo ~^ -^2,a;o is a F-equivariant G- 
bundle isomorphism. This defines the correspondence in (7-14) in one direction. 

Conversely, suppose we are given two G-principal bundles vr^ : P^ — > S' for 
i = 1,2 together with a F-equivariant G-bundle isomorphism (p : Pi,xo ^ -^2,xo 
between the fibres over xq . By Proposition 7-2, we have the following G-bundle 
isomorphisms over the covering space S/S between Pi and P2 : 

^ S Xr Pi,xo S Xr P2,xo ^ ^2- 

lXr</> 

This defines the correspondence in the other direction in (7-14). It is straight- 
forward to check that the above two correspondences are inverse to each other. 
This completes the proof. □ 



Combining with Classification Theorem 3-6, Theorem 4-2, and Theorem 4-4, 
we obtain the following corollary for the case of a connected covering space 
S' S. 
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Corollary 7-4 Let vr^^^ : S' — > E be a connected finite covering space corre- 
sponding to the conjugacy class [H] in T = 7ri(S,xo), where xq & T, is a base 
point. 

(1) We have the following bijective correspondence: 
(7-16) 

(isomorphism classes of G -principal bundles^ i-.i „^ 
i / D V' ^-u v'/v — >}iom{H,G)/{N-p{H)xG). 

I vr : -T — > 2j over tiic covcrjiig space Ij/Zj J onto \ ' // \ i \ / / 

(2) Let n' : P — y T,' be a G -principal bundle over a connected covering space 
S/S whose holonomy homomorphism is given by a homomorphism p : H ^ G, 
unique up to conjugation by G. Then the group of G -automorphisms of P over 
the covering space S/S {inducing deck transformations on T,') is given by 

(7-17) AutG(P)sys = Autr.G(Pp) = Autr_G(r G), 

where the structure of the group in the right hand side is described in (4-2) and 

(4-5). 

Now we go back to (7-5) and examine the space MapQ(P, M)i.c. of locally 
constant G-equivariant maps from a G-bundle P over S' into M . 

Lemma 7-5 Let tt' : P ^ S/S be a G-bundle over a covering space. Then 
for any G -manifold M. restriction of any locally constant G-map a : P — > M 
to the fibre a^g '■ Pxq — > M over xq € S is a F-iiivariant G-map. This 
correspondence gives rise to the following bijective correspondences: 

(7-18) MapG(P,M)i.e. ^ MapG(P.o,M)r ^ Xg Mf, 

onto onto 

where T acts on M trivially and, 5[P^q Xq M] denotes the set of sections of 
the fibre bundle Xq M S^^ with fibre M. 

Proof First, we show that the correspondence is well defined. Let a : P ^ M 
be a locally constant G-equivariant map. Thus, a is constant on each connected 
component of P. Since the connected component of P is in bijective correspon- 
dence with r -orbits in the fibre P^^ over xo £ T, (the F -orbit corresponding to 
a connected component of P is obtained by intersecting the component with 
the fibre Pxq ), the restriction a^^ : Pxo M is constant on each F-orbit. 
Hence a^g is F-invariant. This shows that the correspondence in (7-18) is well 
defined. 

The reverse correspondence is given as follows. For any F-invariant G-map 
(f) : M, first we note that (j) is constant on each F-orbit in P^^ . Then, 

we can define a locally constant G-map a<^ : P ^ M by letting the value of 

q;0 on a connected component G of P to be (f){C fl Pxq) ■ We can easily check 
that the above two correspondences are inverse to each other. This completes 
the proof. □ 
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In the above correspondence, note that the topological condition of local con- 
stancy of a G-map a : P ^ M translates to an algebraic condition of F- 
invariance of its restriction q^^ : P^g —>■ M toa fibre. Note that 7r~^ (xq) = Sxo ) 
where tt : S' — S, is a F-set. 



(Proof of Theorem 7-1) By (7-5), Proposition 7-3, and Lemma 7-5, we can 
rewrite quantities appearing in the definition of ip^^,^^-^{M; G) in terms of their 
restrictions to the fibre over xq G S : 

^[^,/^j(M; G) =^^(MapG(P, M)i.,.; AutG(P)s'/s) 

[P— >-S/S] 

= ^ <^(MapG (Pxo ,Mf- Autp.G (P,o )) , 

where [Pxa — ^ ^]r-G runs over all isomorphism classes of F-equivariant G- 
principal bundles over a F-set X. But this is precisely our definition of 

(/9[x](M;G) given in (6-13). 

Next, we prove the multiplicativity of (-^> ^) • ^ — ^ ^'i LI ^2 be a 

G-bundle over a disjoint union of two covering spaces of S. Let Pi and P2 

be the restrictions of P to E'^ and , respectively. Then the mapping space 
splits into a product MapG(P, M)i.c. = MapG(Pi, M)i.c. x MapG(P2, M)i.c. . 
When T,'-^ and T,^ do not have common isomorphic component as a cover- 
ing space over S, the automorphism group also splits: AntciP) (y,' \jt.' ) /T, ~ 
AutG(Pi)2' /s ^ ^^^g{P2)y.' /s ' because there are no nontrivial G-bundle maps 
between a connected component of Pi and a connected component of P2 . Thus, 

¥'[(s;us^)/s](^; G) =^¥'(MapG(Pi U P2, M)i.,.; AutG(Pi U P2)(s;ue^)/e) 

[P1UP2— »-S'jUE^] 

Y </'(MapG(Pi,M)i.c.;AutG(Pi)E;/E) '/'(MapG(P2, M)i.c.; AutG(P2)EyE) 

= (^[^,/^j(M;G)-(p[^,/^j(M;G). 
This completes the proof. □ 



Theorem 7-1 allows us to rewrite identities (6-14) and (6-4) in terms of covering 
spaces over E. 



Corollary 7-6 Let S be a connected manifold and let M he a G-manifold for 

a finite group G . Then, T, -associated orbifold invariant of the n-fold symmetric 
orbifold ip^{M^; Gl&n), where F = 7ri(S), can be written in terms of orbifold 
invariants of (M; G) associated to up to n-fold {not necessarily connected) 
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covering spaces T,' — > E of E . In fact, we have the following identity between 
two generating functions: 

(7-19) ^(?>,(M";G^6J =^(?'-^'/- (M; G). 

n>0 [E'— >S] 

Here (/7r(M"; Gl6n) corresponds to trivial covering Gl&n) , and the 

second summation is over all isomorphism classes of {not necessarily connected) 
covering spaces S' over S . 

For the case of orbifold Euler characteristics, we even have an infinite product 

expansion: 

(7-20) 

J]g"Xr(M";G26„) =J]gi-'/-iX[.'/./M;G) = na - ^'"''''"r^™ 

"^0 [S'^S] [E"^S]co„„. 

where the product is over all isomorphism classes of finite connected covering 
spaces S" over E. 

The above identity reveals a close and preeise connection between symmetric 
products and covering spaces in our particular context. 



8 Number of conjugacy classes of subgroups of a 
given index 



As before, let ^^(r) be the number of conjugacy classes of subgroups of index 
r in r and let jV(r) be the number of index r subgroups of F. In this section, 
we use our combinatorial formulae obtained as corollaries of our topological 
formulae to compute ttr(r) for various T. Formulae for Ur{T) are known for 
the genus g + 1 orientable surface group Tg+i [12], the free group on s + 1 
generators i^s+i, and the genus h + 2 non-orientable surface group Afi+2 [13]. 
However, our method quickly gives the same result in a uniform way. In fact, 
we prove a formula which applies to any group F to calculate Ur (F) . 

First we recall the formula (6-6') which relates the numbers ^^(F) to the num- 
ber of conjugacy classes of homomorphisms into symmetric groups: 

(8-1) ^g"|Hom(F,6„)/6„| = n(l-'?'^)""''^'^^- 

n>0 r>l 

We study the left hand side in detail using our formula (5-5) on the number of 
homomorphisms into wreath product: 

^ |Hom(F,G;6„)| _ |Hom(g, G)| -( ' 

n>0 ' ' '-r>l H ' ' 

\m\=r 
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The main result in this section is the following formula. Let Z^. = Z/rZ. 



Theorem 8-1 (1) For any group T , the generating function of the number 
of conjugacy classes of homomorphisms into symmetric groups is described in 
terms of subgroups of F as follows: 

(8-3) ^(z"|Hom(r,eO/e„| = exp[5; ^{5;^lHom(i?,Z,)|}]. 

n>0 m>0 r\m H 

\T/H\=m/r 

(2) The number ^^(r) of conjugacy classes of index r subgroups ofV satisSes 
the following recursive relation in terms of subgroups of F: 

(8-4) jm{r X Z) = • Ur{r) = J2Y1 |Hom(i?ab,Z.)|, 

r\m r\m H 

\T/H\=m/r 

where H^h denotes the abelianization of H . 



Proof Using the second formula in (2-6) , we have 

lHom(r,6.)/6.1 = '^°"(y-f'^")l = J: H^^^itl^ 

|Hom(r,C(a))| 

Ik. I'^f"*! ' 

where &n* denotes the set of conjugacy classes in 6„. It is well known that 

the conjugacy class [a] in ©„ depends only on the cycle type of a. Suppose 
the cycle type of a is given by nr>i(^)'"'^ with "^^rm-r = n, then it is well 
known that its centralizer is a product of wreath products given by C{a) = 
Ylr>ii'^rl&mr) [H]- Then the above formula becomes 

ITT ^F«^/«| TT |Hom(r,Z,^6^J| 

|Hom(r,6„)/6„| = 5: n — — • 

mr->Or>l ' ^ 

rmr=n 

Now we form a generating function. Using the above formula, we have 



^,1Hom(r,6„)/6„|= n^^-^- '^'Tfie'^ "^^ 

n>0 ■mr->Or>l ' ' 



r>lm>0 ' ^ ^ 
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Next, we use our crucial ingredient, namely the formula (8-2). Continuing our 
calculation, we get 

r>l d>l H r,d>l H 

\T'/H\=d \^/H\=d 

= -p[E£{E(E |Hom(i/,Z.)|)};. 

m>l r\m H 

\r/H\=m/r 

This proves (1). For (2), wc simply take logarithm of the right hand side of (8-1), 
and compare it with (8-3). Here we may replace }lom{H, Z^) by Hom(i^ab7 ^r) 
since is abelian. The equality jm(r x Z) = J2r\m''' ' ^r(r) is a well known 
identity. For example, see [15, p. 112]. This completes the proof □ 

Note that once we have (8-4), we can write down the formula for Ur(T) using 
Mobius inversion formula. This formula says that if is a function defined on 
N and f{m) = J2r\m9i''')^ then g{m) = Z^^i^ /u(r)/(m/r) , where ^(r) is the 
Mobius function given by //(I) = 1, /x(n) = (—1)* if n is a product of t distinct 
primes, and /u(n) = if n is divisible by the square of a prime. We leave the 
formula (8-4) in the above form because it is simpler. 

The numbers Ur{Tg-^-i) and Ur(Ah+2) were calculated in [12], [13] around mid 
1980s. Our formula (8-4) immediately proves their results which were expressed 
using Mobius inversion formula. But they are equivalent to the formulae below. 

Corollary 8-2 The numbers Ur{T) for T = Fg^i, Fg+i, Ah+2 stre given in the 
following recursive relation: 

(8-5) Y: ^ ■ «^(r,+i) = 

r\m r\m 

(8-6) ^ ■ ""riFs+i) = E {Fs+i)r^+' 

r\m r\m 

(8-7) 

Yr-UriAh+2) = ^[{jm(Ah+2) - jm(Ah+2)+}(2,r)r'^+' + jm(Ah+2)+r'^+^], 

r\m r\m 

where jj.{A.hJ^2)^ is the number of index r orientable subgroups, and (2, r) 
denotes the greatest common divisor. 
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The proof of this corollary is a straightforward application of (8-4) . We simply 
note that the abelianizations are given by (rg_|_i)ab — Z^^"*"^, (-F5+i)ab — 
and (A/i_|_2)ab — '^^^'^ ^2, and that among index m/r subgroups of Ah+2, 
there are ji^ {Ah+2)~^ subgroups which are isomorphic to Trrih_^'^ , and there are 
j™.(A/j+2) — subgroups isomorphic to Amh | o • 
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